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GEOMETRY OF MEROMORPHIC FUNCTIONS AND
INTERSECTIONS ON MODULI SPACES OF CURVES

S. V. SHADRIN

ABSTRACT. In this paper we study relations between intersection
numbers on moduli spaces of curves and Hurwitz numbers. First,
we prove two formulas expressing Hurwitz numbers of (generalized)
polynomials via intersections on moduli spaces of curves. Then
we show, how intersection numbers can be expressed via Hurwitz
numbers. And then we obtain an algorithm expressing intersection

1 k. . . . . .
numbers (7, m [[\_; 7o%)g Vvia correlation functions of primaries.
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In [10] E. Tonel developed a very beautiful approach to study intersec-

tion theory of moduli space of curves. Roughly speaking, the situation
is the following. Consider the space of meromorphic functions with
fixed genus, degree, and ramification type. There are two mappings of
this space. One mapping takes a meromorphic function to it’s target

curve (of genus zero) with marked critical values. Another mapping
takes a meromorphic function to it’s domain curve (of genus g) with

2

marked critical points. Then one can relate intersection theories in the



images of these mappings. This idea was also used in papers [22, 3| in
low genera.

In this paper we just study several applications of Tonel’s technique.
Concretely, we express Hurwitz numbers via intersection numbers and
conversely. More or less the same problem, but in much more general
case, is studied by A. Okounkov and R. Pandharipande in [20, 21].
However, we do not understand if there is any relation with our work.

The paper is organized as follows.

In section 1 we define Hurwitz numbers.

In section 2 we formulate our first theorem expressing Hurwitz num-
bers of usual polynomials with arbitrary ramification via intersections
on Mom.

Actually, this formula is not very intersting in any sense. There
exists a combinatorial formula for the same numbers [6, 14, 27], and
there is the theorem of S. Keel [12], describing cohomologies of M.
Nevertheless, our formula seems to be beautiful itself, and it is a good
example for our techniques.

In section 3 we recall the definition of admissible covers. It is the
space which roughly can be considered as a space of meromorphic func-
tion.

In section 4 we formulate the lemma of E. Ionel, which plays the
principal role in our paper.

In section 5 we prove our first theorem.

In sections 6 and 7 we formulate our second theorem. There we give
an expression for Hurwitz numbers of generalized polynomials with one
non-simple critical value. This means that we consider meromorphic
functions defined on genus g curve with one point of total ramification,
another critical value with arbitrary ramifications over it, and all other
critical values are simple.

We express these numbers via integrals against so-called two-pointed
ramification cycles (but not via integrals against the fundamental cycle
of M, ). In [10] E. Tonel explains that it will be very useful to learn
how to work with two-pointed ramification cycles. We hope that we
make a step in this direction.

Let us note that in general the argument similar to the one we use
leads to a similar formula for Hurwitz numbers of arbitrary functions
with two non-simple critical values. But here some combinatorial dif-
ficulties arise, which we were able to overcome only in the polynomial
case.

In sections 8 and 9 we express the intersection number (73,73), via
Hurwitz numbers. The second proof of this formula contains all ideas
necessary to calculate intersection numbers appearing in Witten’s con-
jecture.

In section 10 we formulate the conjecture of E. Witten expressing
some intersection numbers as the coefficients of the string solution of
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the Gelfand-Dikii hierarchy. Actually, we don’t completely understand
the definition of Witten’s top Chern class and we replace its definition
by some of its properties. We refer to [26, 11, 23] for the clarification
of this question.

In sections 11 and 12 we present an algorithm for calculating all inter-
section numbers of the type (7, [[r—; T§Z> s appearing in the Witten’s
conjecture.

Actually, we have a nice algorithm only to express such intersec-
tions via not only correlation functions of primaries, but also via some
intersection numbers against two-pointed ramification cycles in genus
one.

We are also able to express these additional intersection numbers via
correlation functions of primaries, and we explain in this paper how to
do it. But we are not satisfied with our method. The similar argument
allows one to calculate any intersection number appearing in Witten’s
conjecture. But as one can see in subsection 12.4, such argument is too
illegible and too complicated to be written down.

In the appendix we show an example of usage of our algorithm.
We calculate the intersection number (761)3 in the case of Boussinesq
hierarchy. As far as we know, there are no other methods to calculate
this intersection number.

Acknowledgments. The author is grateful to S. K. Lando,
S. M. Natanzon, and M. Z. Shapiro for useful remarks and discussions.

1. DEFINITION OF HURWITZ NUMBERS

1.1. Definition of passports. Consider a meromorphic function
f: C — CP! of degree n, defined on a smooth curve C' of genus g.
Let z be a point of CP!. Then f~'(2) = ayp1 + -+ + a;p;, where
p1,- .., P are pairwise distinct points of C' and ay, ..., a; are positive
integers such that Eizl a; = n. Suppose that a1 > ay > --+ > qa.
Then the tuple of numbers (ay, ..., q;) is called the passport of f over
z.

For instance, the passport of f over a regular point is equal to
(1,...,1). The passport of f over a simple critical value is equal to
(2,1,...,1). If f is a polynomial of degree n, then the passport of f
over infinity is equal to (n).

1.2. Definition of Hurwitz numbers. Two meromorphic functions,
fi: C; — CP! and f,: Cy, — CP!, are isomorphic if there exists a
biholomorphic map ¢: C; — Cs such that f; = fop.

Consider m distinct points of CP'. Let A; = (af,...,q}), i =
1,...,m, be nonincreasing sequences of positive integers such that
22;1 a§ = n. Up to isomorphism there is a finite number of mero-
morphic functions f: C' — CP! of degree n defined on smooth curves
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of genus ¢ such that the passport of f over z; equalsto A;, 1 =1,...,m,
and f is unramified over CP* \ {21, ..., 2}

The Hurwitz number h(g,n|Ai,...,A,) is the weighted count of
such functions, where a function f: C' — CP* is weighted by 1/|aut(f)|.

For example, the number h(g, 2|(2),...,(2)) is equal to 1/2.

In [2, 4, 7, 15] one can find some examples of formulas for Hurwitz
numbers in special cases.

2. HURWITZ NUMBERS OF POLYNOMIALS

2.1. Introduction. In this section we show two formulas for usual
polynomials.

Let us fixn € N, g = 0, and a collection of passports Ay, ..., A,, with
usual requirements (for any i we have 4; = (af,...,q;}), a} > --- > aj,
Zzl 1 a’] _ Tl)

We assume that I; = 1 and A; = (n). Also we assume that
Yo Z?Zl(aé- — 1) = 2n — 2 (the Riemann-Hurwitz formula).

The following formula is proved in [6, 27, 14].

aut(ly, ... (l; = 1)!
1) A0 A...Am:m*3-| -
(1) (0.nlds- o Am) =n |aut(A2,...,Am H|aut
In this paper we prove another formula, expressing the same numbers
via intersections.

2.2. Cohomological classes on M y.

2.2.1. Standart definitions. Let N be equal to Zm l;. We shall con-
sider the moduli space of genus zero curves Wlth N marked points
Mon > (Cyal a3, .. , X7, -, @, .. 2" ); we mean a one-to-one cor-
respondence between marked points and indices of a;.

By 1 («%) we denote the first Chern class of the line bundle, which

fiber is the cotangent line at the point xj. By 7,4 we denote the
projection Mgy — MOQHP that forgets all points except for xl,
.. ,xfp, and zf.
2.2.2. Definition of U,-classes. Let us define classes W (bz);E{l% ,lm}\{p}
depending on N — [, — 1 indices corresponding to all points x} except
for z1, 2%, .. Ly I b = 0 for all i and j, then we put \Pp(b§) = 0.

Further we give the following recursive definition. Suppose we

have already defined all classes with >, , o ZJ 0 <
s. Consider a sequence (b’); o o Ll such  that

D im2plpil.. Z] b =s. Letusﬁqu{Z,...,p Lp+l,...,m}

and k € {1,. l } Then we define (b’)] L LPEL i the following

way. We put bq = bq + 1; for all other indices i, j we put 3; =
5



The formula for \I/p(/b\;) is the following one:
(2) W) = bimy a (@)W (0) — D av Duugagy Up((b0)))
U

Here ay = Y., b%; if x ¢ U U {z}}, then (bU) = b;; if :E; e U,

z relU Y
then (by); = 0; and (by)j, = ay + bj. We take the sum over all U C
{eip \ oy, of, . 2, 2}

By Dy, where V C {x;}, we denote the Poincaré dual of the cycle,
defined by the divisor in My whose generic point is represented by
a two-component curve such that all points from U lie on the one
component and all points from {z%} \ U lie on the another component.

In the foregoing formulas we shall use only classes ¥, = qlp(bé-),

where b;- = a} —1.

2.2.3. The V,-classes are well-defined. We have to prove that our def-
inition of W, (b%)-classes is correct, i. e. it doesn’t depend on the choice
of the order of increasing bi

Let us fix p, 27}, z}>, and (bZ );i{léi::;’m}\{p} Let bq1 = bt +1, bq2 =
b +1, and /l;; = b’ for all other i and j.

If we apply formula (2) twice, first for 2! and then for 2, we obtain
the following expression

(3) W,(0) = 0D (@) g (82T, (B) —
Z Z ) bZ"; Uu{xgll}Wp7q27k2w(xz22)\l’p(...) —
U

m;EU
>+ Dbk Dot 42375 00 k¥ () W) =
U a:i-EU
Z Z b bZtl UU{{L’qQ} qhklw('lel)mp(' : ) -
z ieU
DOk + D2 0O U+ D ) Dovgat sty T V(@) Bl )+
U xiEU $i-€U
Z > ) Do) Z 2 U Dy () +
z ey z; eV
Z Z 0) Dygate Z (O + D W) Duivigen w2y Uole-) +
x5 ieU x5 teUuVvV
Z bzll + Z b UU{Z’Zl IZ2}Z Z bl UUVU{a?ql xQQ}\I] ( . )
z; ieU z ey
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Here we take sums over all U C {a%}\{xz},2f, ..., 27 ,f,, 2} } and over
all vV C {af} \{z, 2%, ... 27 , o), 2} such that UNV =0. We don’t
write down the indices in W,-classes since it is very easy to reconstruct
these indices from the rest of each summand.

Now, to ensure that the W,-classes are well-defined, it is enough to
prove the following lemma.

Lemma 1. The m’ght hand side of formula (3) is symmetric with re-

spect to the change xf' < a2, b} < b.

Proof. Obviously, this lemma can be reduced to the fact that the sum
of the last two terms of the expression is symmetric. Let us prove it.
We fix the partition U U V. On the divisor D = DUuVu{lel a2} the

first Chern class of the cotangent line at the double point is equal to
(4)
*)D =D- Z (DWU{xZQQ} + DWU{:):E,:B?Q}) = ; DWU{xZIImZQQ}D

Wamg

Of course, 1 (x) is symmetric.
Note that

2+ 3 (S B)e)D =

x;'.eUuV x;'.eUuV

B2+ > b)) D b(x)D =

seUUV  aGEULV

PO b;’)DWU{xg}D—'—

W ziew zteUuV
J J
7 q2 )
E ( E bj)(bkg + E b])DWU{mzllxzé}D
w m;’.gW m;GUUV

and
(6)
B +1)( Y WD = +1)( Y b ZDWU{xZImZ}D.

x5 LeUuvV x5 LeUuV

Thus we see that the sum of the last two terms of expression (3)
(with fixed U U V) is equal to

(1) | GE 42+ ) B+ (Y 0P| w(x)DT,(...) -

x?equ a} teUuVvV
;(bg +HE + 1+ ZUbZ ZUb Dyiat a2y DY ().
zte zte
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This expression is obviously symmetric. Hence the right hand side
of formula (3) is symmetric.
O

2.3. Formula for Hurwitz numbers of polynomials.

Theorem 1. If m > 3, then

nm—3

[Tz laut(A5) S

Let us recall that by W, we denote W,(b}), where b} = a! — 1, i =
soeap—Lp+1,...om,g=1,...,1[.

Below we check this formula in some special cases independently of
it’s proof. Probably it is helpful to look through this section in order

to see how to work with classes like 7 , 4 (2]), Dy, and W,,.

(8)  h(0,n|A,..., A, =

()" H v,
p=2

2

3. ADMISSIBLE COVERS

3.1. Covering of M,,,. Let us fix the degree n, the genus g, and a
collection of passports Ai,..., A,,. Here for any i = 1,....m A; =
(ah, .. a), @} > > af, S ah =,

Consider all meromorphic functions f: C — CP! of degree n de-
fined on smooth curves of genus g such that for certain distinct points
21,...,2n € CP! the passports of f over z,...,2, are equal to
Ay, ..., A, respectively and f is unramified over CP' \ {zy,..., 2}
Let us consider such functions up to isomorphism and up to automor-
phisms of CP! in the target. Then the space of such function is a
noncompact complex manifold of dimension m — 3. Denote this space
by H.

Consider (CP', zy,...,2,) as a moduli point of Mg,,. Then there
is a natural projection ll: H — My,,. The mapping [l is usually
called the Lyashko-Looijenga mapping. Obviously, ll: H — My, is an
h(g,n|Aq, ..., Ay) — sheeted unramified covering.

3.2. Boundary of Mj,,. It order to obtain geometrically a moduli
point of Mg, \ Mg, with k nodes one can choose k pairwise nonin-
tersecting contours cy, ..., ¢, on (CPY 2y, ..., z,) and contract each of
these contours. Contours cy, ..., ¢, must contain no points z1,..., z,

and no points of self-intersections. The Euler characteristic of each

connected component of CP! \ (Ule aUUr, z,) must be negative.

Let us give a more rigorous definition. A moduli point of M, is
a tree of rational curves. Any two irreducible components are either
disjoint or intersect transversely at a single point. Each component
must contain at least three special (singular or labeled) points. For

details see e. g. [16, 12].
8



3.3. Admissible covers. Our goal now is to extend the unramified
covering ll: H — My, to a ramified covering l: H— MOm
Suppose a moduli point on the boundary of M, is obtained from

a moduli point (CP! z,...,2,) by contracting contours cy,...,c.
Consider a function f € H, f: C — CP! such that lI(f) =
(CPY, 2q,. .., zy). All preimages of contours cy, ..., ¢, are contours on

C. Let us contract each of them.

Thus we obtain a point on the boundary of H. The axiomatic de-
scription of functions we obtain by such procedure gives us the defini-
tion of the space H.

Consider a moduli point (C, zy, ..., 2,) on the boundary of M.
Then ﬁ_l(C’, 21,...,%m) consists of holomorphic maps f: Cy — C of
prestable curves with m labeled points to C' such that over each irre-
ducible component of C' f is a n-sheeted covering, not necessary con-
nected, with ramification only over special points (labeled or singular).
It is required that ramifications over marked points are determined by
their passports, and the local behavior of f at a node in the preimage
is the same on both branches of Cj at this node.

Thus we defined the space H and the mapping . For more detailed
definitions we refer to [9, 8, 10].

3.4. Space of admissible covers. The space H can be considered as
an orbifold with some glued stratas. Actually, it can be desingularized,
but we need only that this space carries a fundamental class, see [1, 10].

4. LEMMA OF E. IONEL

4.1. Covering of space of admissible covers. Let us fix the degree
n, the genus g, and a collection of passports Aq,..., A,,. Consider the
corresponding space of admissible covers H.

Let us denote by H the space of functions from H with all labeled
preimages of all points z1,..., z,. The natural projection 7: H—H
is a (], Jaut(A4;)]) - sheeted ramified covering.

Let us denote by In: 0 — Mo, the mapping Il o 7. It also is a
ramified covering.

4.2. Example. Consider n = 3, g = 0, Ay = (3), Ay = A3 =
(2,1), and Ay = (1,1,1). Then we expect U: H — Moy to be a
h(0,3| Ay, .. A4) (H;1 | laut(A;)[) = 6 — sheeted ramified covering.
Obviously, Il is ramified only over the boundary points of Mg4.
Denote these points by (14|23), (12|34), and (13|24) (we mean here,
that (14]23) corresponds to the curve, where 21, z4 and z», 23 are labeled

points on different irreducible components).
It’s easy to see, that the passport of Il over (14/23) is equal to (3, 3)

and the passports of Il over all other boundary points are equal to
9



(2,2,2). Thus Il is a 6-sheeted covering of the sphere and it has 10
critical points. Hence, the covering space H is a sphere.

4.3. Lemma of E. Ionel. Let the passport A; be equal to (af, ..., aj ).
Then a point of the space H is a function

(9) [ (Cooy, a2l o a) = (Coy 21,y Zm).

Here z{, ...,z are labeled preimages of z;, f~'(z;) = Z?Zl ala’.
By st: H— M%N, N =>""1;, we denote the mapping that takes
a function (f: (Cy,z1,...,2") — (Co, 21, ..., 2n)) € H to the moduli

: 1 1 m m
point (Cg,xy,..., 2, ..., 27 ..., 2" ) € My n.

Lemma 2. [10] Foranyi=1,...,m and j=1,...,;
(10) @, st () = (1) (=),
Here by ¢ (z%) (by ¢(z;)) we denote the first Chern class of the line

bundle, which fiber is the cotangent line at the point x; (respectively,
at the point z;).

5. PROOF OF THEOREM 1

5.1. Proof. Recall that we fixn € N, g = 0, and passports Ay, ..., A,
A; = (af,...,a}). Also we assume that I, = 1, A; = (n), and
m l; i
Di12oj1(a; —1) =2n—2.
Then, if m > 3, we want to prove that

nmf?)

[Ti2s [aut(A)] S

Proof. Consider the corresponding space H. We have the following
picture:

(11)  h(0,n|Ay, ..., Ay) =

()" ? H ¥y
p=2

(12) (Co,l’%, s ,l’?:n) € MO,N (i ﬁ L) Mo,m > (007217 - '7Zm)

Note that fﬂ(m P(2)™ 3 = 1. Since Il is an

(13) S =hn(0,n|Ay, ..., Ap) - (H |aut(A,~)|>

— sheeted ramified covering, it follows that [ ﬁ*d}(zl)mf?’ =S5.
Then, using the Lemma of E. Ionel, we obtain that

1y s=wm [t —an [
H st [H]
Below we shall prove that in our case the Poincare dual of st*[ﬁ] | is
equal to = = [, ¥,.
Thus we obtain our formula. 0
10



5.2. The Poincare dual of st,[H]. In this subsection we prove that
st,[H] is dual to Z. First we define a subvariety V' C Mg 5; then we
prove that [V] is dual to =; and then we prove that [V] = st.[H].

5.2.1. Subvariety V. Consider a moduli point (C, 1, ..., ) € Mo
Let us fix p > 2. Consider the meromorphic 1-form w, with simple poles
at the points 1, 27, . .. ,xfp with residues —n, al, ... ,afp respectively.
Let C), C C be the union of those irreducible components of C' where
wp is not identically zero. Obviously, C), is a connected curve. Consider
the collapsing map ¢,: ¢ — (). Since C, is a connected curve, it
follows that the image cp(x;-) of any labeled point x; is a nonsingular

and a nonlabeled point of (C,, z}, 27, .. :cf)

Let z € C, be the image of the marked points :cjl, o ,xj:Ex; under
the mapping ¢,. Then we require that w, has exactly ), (x)( -1
zeros at x.

We define the subvariety V as follows. A moduli point
(C,zl,...,2") € Moy belongs to V iff it satisfies the last require-
ment for any p = 2,...,m and for any nonsingular nonlabeled point
r € (Cpat ... ] )

5.2.2. [V] is dual to =. Let us fix p > 2 and a sequence of numbers
(0 );G{f’ im}\{p b By, »(b%) denote the subvariety of Moy such that for

any (C,z1,...,2]") € V for any nonsingular nonlabeled point = € C,,
r=cy(rf)) == cp(x?:z))) w, has at least Zk(x) b3l zeros at x.

Lemma 3. The subvariety V;;(bé) determines a cohomological class
equal to W,(D%).

Proof. Actually, if bZ = 0 for all 7 and j, then V,(b ) Mo and
[V, (b;)] is dual to ¥ (O) 1.
Suppose that we have already proved this Lemma for all classes with

D ez m\(p) E] , U5 < s. Consider a sequence (b;'-);e:{ff:;gn}\{p} such

that Zze{z mI\p) Zj by = s Let us fix ¢ € {2,...,m} \ {p} and
ke{l,...,1 } Then we define (b’)] L “LPEL 4 the following
way. We put b = bz + 1; for all other indices i, j we put 3; =

By L(z}) denote the cotangent line bundle at the point 7.

On V,,(b%), the restriction wp|,e determines a section of 7y kL(xk)®b
Note that at a generic point of V, (b;) the form w, has exactly b{ zeros
at the point ¢,(z}). Hence the restriction wy|,s vanishes at all curves
where w, has more than b} zeros at the point ¢,(z}).

Let us enumerate those divisors in V;,(b;»), where w, has more than b
zeros at ¢,(z]). The first one is the divisor, where z{ € C, and w), has

bl zeros at xf = c,(x}). The second case is when z{ "run away” from
11



is
.2, The section of 7

C, with some other points ! L(:Ck)®bq

Fe
has >0, b;r zeros at such divisor.

Hence the expression defining \I/p(/l;z) is just the expression defining
the same cocycle as the first divisor described above. But the first
divisor is just V;;(b;) Thus we made the inductive step, which proves
this Lemma. O

Note that V' is a transversal intersection of Vp(aé —1),p=2,...,m.
Then an obvious corollary of Lemma 3 is the following

Lemma 4. The subvariety V determines a cohomological class equal
to =.

5.2.3. [V] 1s equal to st,[H H]. Obviously, V and st(H) are the closures of
VMo and st(H)N Mg respectively. Let us prove that VAM y =
St(ﬁ) N M(),M.

Let f: (CPYz1,...,2") — (CP',2,...,2,) be a function in .
Then w, = f* (dz/(z —zp) —dz/(z — z1)). Since z{ is a critical point
of f of the order aj — 1, if follows that w, has a — 1 zeros at x}. Thus
we obtain that V N Mgy D st(H ) N Mo,

Conversely, let (CP',z,...,a]") € VN Mo . Then there is a
unique function f, such that f=(z,) = n-z! and f~(z,) = S, al-a?
Requirements for w, mean that a marked point z{ is a critical point of
fp of order a — 1. Hence f = fy = fz3=---= f, is the function in H
such that f~1(z) =" aizi, i=1,....m

J=17"3"5
Since the map st has degree one over V N My, it follows that

V] = st,[H].
5.3. Independent check of Theorem 1.

5.3.1. Degenerate polynomials. Consider the first nontrivial degenerate
case. Let A = (n), Ay = (a?,ad3), and A3 = (2,1,...,1). Then we
want to check that h(0,n|A;, As, A3) = 1/aut(As).

We have

\:[12 = W;,?),l,lvz)(x:ls)a
(15) W3 = (af —1)aj 1)'”3217/’@1)%_17";22 (x%)a%_l_
—((n = 2)! = (af - 1) (a3 —1)! )D{xl,xg}ﬂék,z,lw(ﬁ)"*s-

Note that W, is dual to the divisor D whose generic point is rep-
resented by a two component curve such that z1 and z? lie on one
component and z3 and x? lie on the other one. The restrlctlon of U5 to
this divisor is obviously equal to (a2 — 1)(a2 — D)lp(a2) 1 (22) 31,

The divisor D consists of several irreducible components. One can
enumerate these components via subsets of {z3,... .23 |}. Let Dy,
U C {a3,...,23 |} be the divisor whose generic point is represented

by a two-component curve such that xi, 2%, and all 2} € U lie on one
12



component and all other labeled points lie on the other component. So,
D= UUDU-

It is easy to see that [, Y(x2)41ep(22)* " is not vanishing iff
Ul = a2 — 1. In this case this integral is equal to 1. Hence,
[, v(a?)i-tp(ad)Et = (7). It follows that h(0,n|As, Az, Ay) =
1/aut(Ay).

5.3.2. Generic polynomials. The natural desire here is to check inde-
pendently that out formula gives the same answer as in [15] in the case
of generic polynomials. The ramification data for generic polynomials
is the following: A; = (n), m=n, Ay =---=A, =(2,1,...,1). The
answer given in [15] is h(0,n|A;, ..., A,) = n"3.

Actually, we have the proof, that h(0,n|A4,..., A,) counted via our
formula is equal to n" 3. But this proof is rather complicated and
involves too many new geometric objects that we will never use in this
paper again. So we shall give only the sketch of our proof, which can
be deciphered to the full proof.

The first step looks like follows. Omne has to show that the 7es-
sential part” of W, in this case is equal to the cocycle determined
by the subvariety W,. W), is a codimension n — 2 subvariety whose
generic point is represented by a (n — 2)-component curve such that
on one component there are points z}, 2, and n — 2 singular points.
All other components, except for this one, contain exactly one point

from the set {22, ..., 2% ", 22" 2"}, exactly one point from the set
b, ..., 2P} and exactly one singular point, attaching this component
2 n y g p g P

to the first one.
The words ”essential part” mean that the integral

(16) [ ()" Uy, (U, — W)Wy T,
Mo, N
is equal to zero.

Let us remark that there are exactly (n — 2)! ways to split the sets
(a2, ab a2t} and {25, ..., 22} into pairs of points lying
on the same components. Then via the standart calculations one can
show that the integral part of formula (8) is equal to (n—2)!"~!. Then
we obtain that

nn—3

[[im, aut(A;)

6. HURWITZ NUMBERS OF GENERALIZED POLYNOMIALS

(17) h(0,n|Ay, ..., A,) = (n—2)" 1t =pn"3

6.1. Two-pointed ramification cycles. In applications of Lemma
of E. Ionel to concrete calculations one has to work with two-pointed
ramification cycles. Let us define them now.

Consider a moduli space ﬂg,k. Let x1,...,x; be marked points

of curves in Mg,k. Let by,...,b, be integer numbers such that
13



Zle b; = 0. By W denote the subvariety of M, consisting of curves
(Cyzq,...,2) € Mgy such that Zle bixi is the divisor of a mero-
morphic function. o

The closure of W in M, ;, determines a homology class A(by, ..., by).
This class is called the two-pointed ramification cycle.

6.2. Hurwitz numbers of generalized polynomials. By a gener-
alized polynomial we mean simply the following ramification data. Let
us fix integers n > 0 and g > 0. Let A = (n), A2 = (a1,...,q),

and A3 =---= A, =(2,1,...,1), where m — [ — 1 = 2¢g (Riemann-
Hurwitz).

Consider the space M1, > (C,z1,2%,... 27). There is a two-
pointed ramification cycle A(—n,aq, ..., q;), where —n corresponds to
z1 and a; corresponds to z?,i=1,... 1.

Theorem 2. If m > 3 then

n™ 3 (m — 2)!
18 h,g,nA,---aAm :—/ wﬂjlm*’?’_
( ) ( ‘ 1 ) aut(Az) A(=n,a1,...,ar) ( 1)

6.3. Genus zero case. Let us check formula (18) in the case of genus

zero. We have A(—n,ai,...,a) = [Mo4]. Hence

n'=2 (1 —1)!
1 h Ay, A) = —————
( 9) (0,7’L| 1, ’ l+1) aut(Ag)

The same answere is given by equation (1).

7. PROOF OF THEOREM 2

7.1. The first steps of the proof. We start our proof in the same
way as in the case of usual polynomials. Let H be the appropriated

space of admissible covers. The mapping H — H has degree aut(Ay) -
(n —2)!™=2. Then

(20) /A ()™ = aut(Ag) - (n — 22 h(g,n|Ar, ..., Ay).
i
Using the Lemma of E. Ionel, we get
(21)
nm_3/ ()" =aut(Ay) - (n—2)I™ 2 h(g,n|A, L An).
sta|

H]
7.2. The restriction of ¢(z!) to st(}AI). Let : Mg,1+l+(mf2)(nfl) —
Mg71+l be the projection forgetting all marked points except for
1,2 2
Ty, T, ..., T,
Lemma 5. 7 (21) ) = ¥(21)] ) -
14



Proof. Recall that w*¢(x1) = ¢ (xl) — [D;]. Here [D,] is the cocycle
determined by the divisor D in Mg71+l+(m,2)(n,1). The generic point of
D, is represented by a two-component curve such that one component
has genus zero and contains x}, and the other component has genus g

and contains z?%, ..., z7.

~

Let us prove that this divisor does not intersect st(H). Assume the
converse, 1. e., we assume that there exists a function in H such that
its domain belongs to D,.

Consider the image of such function. It is a stable curve of genus
zero with marked point z1,...,z,. It follows from the definition of
D, that z; and 2z lie on different irreducible components of the target
curve.

Consider the irreducible component C'; of the target curve contain-
ing z;. This component also contains the point z, and at least one
more special point. (the point z, separates C) from the component
containing z)

If follows from the definition of admissible covers that the point z, is
a point of total ramification. Since the preimage of C'; has genus zero,
it follows that any point of this component (except for z; and z,) has
exactly n simple preimages.

Note that all marked points in the target curve are critical values
of the function. After being cut at z,, the target curve splits in two
halves, and the total preimage of the half containing z; has genus 0.
It follows that the third special point on C; has a ramification in the
preimage. R

This contradiction proves that D, doesn’t intersect st(H). Hence
W*w(x%ﬂst(ﬁ) = ¢($%)|st(ﬁ)' O

7.3. Proof of the Theorem.
Proof. We have
(22)
nm_3/ ()" =aut(Ay) - (n—2)I™ 2 h(g,n|A, L An).
st«[H]

Using Lemma 5 we get

(23) gyt = / R

st«[H]

Since the mapping 7o st|5 has degree (m —2)!- (n—2)!"=2 it follows
that

(24)  mest[H] = (m—2)!- (n =212 A(=n,ay,...,a).

Hence

nm 3. (m—2)!
R e bty
A(—n,a1,...,a;)

aut(As)
15



8. AMUSING FORMULAS FOR (T3,7¢)4

Consider the moduli space of curves M,,, > (C,zy,...,z,). By
(Thy - - - Ty ) g denote fﬂg () ()t Tt s known from [25, 13]
that (13,73), = 1/(249g!).

In this section we express (73,72 ), via Hurwitz numbers of generalized
polynomials.

8.1. Formulas. By H(g;n) we denote h(g,n|A1, ..., A,,), where A} =
(n), Ap=---=A,=(2,1,...,1), m=2g+n.

Theorem 3. For anyl > 0,

g . .

< 41— ) H(gig+1+1—1)
26 Ny => (-1 (¢ (g : -
(26) {maads iﬁ< )Q)¢@g+bwﬂ@+l+1—nwwqﬂ

Thus we have an infinite number (for any [ > 0) of formulas for
(73473 ).
8.2. Check in low genera.

8.2.1. Genus zero. In genus zero we have the following:

(27) <ﬁm:(H;3f%£jD

Since H(0;1+ 1) = (I + 1)!72, if follows that
5 ((+DI+1)2
(28) (15)0 = . 1.

8.2.2. Genus one. In genus one we have the following:
[+ 2)\H(1;1+ 2 I+ 1D)H(1;1+1
) (g = CEAHIH) (DA
I+ 3)1(1+2)+* ({+2)1(1+ 1)+
From [24] it follows that

L+ (I —1)
I-24
Combining these formulas we obtain that (r373); = 1/24.

(30) H(;0) =

9. PROOFS OF THEOREM 3

We shall give two proofs of Theorem 3. The first one is purely
combinatorial. It is based on the formula of T. Ekedahl, S. Lando,
M. Shapiro, and A. Vainshtein [4]. The second proof is purely geomet-
ric. This proof is based on our Theorem 2.

Historically the second proof was the first one. It is based on ideas,
which will be very useful in the rest of the paper. The second proof we

obtained trying to check our formula in genera 2 and 3.
16



9.1. First proof.
Proof. Let us recall the formula for H(g; k) from [4].

29+ k — 1)l - k* S (=)
! M, 1 k(@)

Here x; is the unique marked point on curves in MQJ, and \; = ¢(E),
where E is the rank g vector bundle over ﬂgJ with the fiber over
(C, z1) equal to H°(C,we).

Putting this formula for H(g; k) in our formula (26) we obtain the
following:

(32)

<7'3g7'02>g:i,ii(—l)iﬂ(?)(g—i—l—i—l—j) /M A (a1 )92

9,1

(B1)  Hgk) =

It follows from the combinatorial Lemma below that the right hand
side of this formula is equal to fﬂ%l Y(x1)?972 The equality (73,73), =
(T3g—2), follows from the string equation [25]:

(33) (1o H Tk, ) Z (Thy - Tl Ths—1Thyg - - - Thin ) -

i=1m

Lemma 6.
g
0, k<g
(34) ZO ()g+1—z) {g!’ b g

Proof. By f(g,k) denote the left hand side of the Lemma statement.
Note that f(0,0) =1, and f(g,0) =0 if g > 0. Since

(35)

k+1 k+1
farthen =+ (0 ren o (1) 160.0),
the statement of the Lemma follows. O

9.2. Second proof. First we shall express the intersection number
(T34780)g = (T3g-2)4 Via integrals over two-pointed ramification cycles.
Then using our Theorem 2 we shall obtain formula (26).

9.2.1. Two-pointed ramification cycles. Let us fix ¢ > 0. By Ay, denote
the two-pointed ramification cycle A(=k,1,...,1) in the moduli space
Mg71+k > (C, Y, tl, e ,tk)

Consider the intersection number (73,73),. Below we prove the fol-

lowing Lemma.
17



Lemma 7. For anyl >0

=X SR [ v

|
i=0 g:

9.2.2. Proof of Theorem 3.

Proof. From Theorem 2 we know that

(37) / 77Z)(yl)39+l7i71 — (g+l—i+1)!H(g,g+l—z’+1)
N (g+1—i+1)%+==1(3g + 1 —4)l

If we combine this with Lemma 7 we get

o s~ (D)0 g\ g+l —i+DIH(g,g+1—i+1)
(38) <7_397_0>g_; g! <Z) (g+l—i+1)3g+l_i_1(3g+l_i)!'

O

9.2.3. Proof of Lemma 7. Consider the moduli space Moy D
(Coy,t1, ... tgri+1). By V(kiliy, ... i) denote the subvariety of
M 24411 consisting of curves (C,yy,t1, ..., t5141) such that there ex-
ists a meromorphic function of degree k£ with pole of multiplicity £k at
y and simple zeros at t;,, ..., ;.

Let E(kili1, ..., ix,) be the cycle in homologies of Mg,HgHH deter-
mined by the closure of V' (ki|i1, ..., ik,). By S(ki, k2) denote

(39) / Yyt
E(k1li1,...,ik,)

.....

Obviously, the last number depends only on k; and ks, but not on the
choice of iy, ..., ig,.

Below, we always suppose that ky < ko + g, and ko > 1.

The proof of Lemma 7 is based on the following Lemma.

Lemma 8. If ki > ko, then
1
ko — kq

The dependence of S(ki, k) on [ is explained by the following
Lemma.

(40) S(kl, ]{Zg) —

(S(ki, ks + 1) — S(ky — 1, ks)).

Lemma 9. The number S(ki,ks) doesnt depend on the choice of
satisfying g + 1+ 1 > ko.

Both this Lemmas we prove in the next subsection.

Proof of Lemma 7. Note that [Mo 21 ,41] = E(g+1+1]1,2,...,1+1) (on
the generic curve (C,y, ty, ..., t;41) there exists a meromorphic function

of degree g 4+ [ 4+ 1 such that y is the pole of multiplicity g+ + 1 and
18



t1,...,t;+1 are simple zeros; for the proof of such statements see [17],
section 7). Then

(41) (T3,78), = / Y)W = S(g+ 1+ 1]l +1).

Mg g+it2

Lemma 8 implies that

1 1
(42) S@+l+uk+mzES@+Z+UL+Q—§S@+ML+U:

_ Sl Hl+1+3) 2-5(g+Ui+2) , Sg+l-1)i+1)

9(g = 1) 9(g —1) 9(g—1)
~ (=1 (g . ,
- ) Sg =it g+l =i+ 1).
—~ g \i
Lemma 9 implies that
(43) S(g—i—l—i—i—l’g—i—l—i—l—l):/ w<y)3g+l—z‘—1.
Agti—it1

Combining (42) and (43) we obtain the statement of Lemma 7. [

9.2.4. Proofs of Lemmas 8 and 9.

Proof of Lemma 9. Let E = E(k1|1,...,ks) be the cycle in the homol-
ogy of Myai,4. Let E = E(ki|1,..., k) be the cycle in the homology
of M972+g+7, where [ =1+ 1.

By m: M5 047

labeled point ¢

— M, 21441 denote the projection forgetting the

g+7r1- Note that ¢(y) in the cohomology of M_,, .7 is
equal to 7 (y) + D, where D is the class dual to the divisor whose
generic point is represented by a two-component curve such that one
component has genus zero and contains points y and byt and the
other component has genus g and contains all labeled points except for
y and byt

It’s easy to see that (7*1(y)+ D)% = 7*(y)X + D -7 (y)X 1. Also
note that W*(E -D)=FE.

Since (from dimensional conditions)

(44) / W*¢(y)39+7—1+k1—k2 —0,
E
it follows that
(45)
/A@Z)(y)ggﬂ:lﬂﬂ_l€2 = /AD ()9 ke / b (y)PoH- 1+ ke,
E E B
This proves the Lemma. 0

19



Proof of Lemma 8. Using Lemma 9 we can consider S(kq, k) as

(46) ‘/ Pyt
E(k1|17 ) )

where g + [ = ko (I can be negative).

Consider the following ramification data: A; = (ky), Ay = -+ =
AQQHCI =(2,1,...,1), Asgir+1 = Aogris2 = (1,...,1). Consider the
space H built using this ramification data. The map st takes a point
of H to a curve

1 2 2 2g+k1 2g9+k1 _2g+ki1+1
(47) (Coxp,ay, Ty g2 T e
294141 29+kit2 29+k14+2\ ~ T
Ly » 1 Ty ) € Mg112k:+(2g+k1—1) (ks —1)-

Consider the projection 7: ./\/lg,1+2k1+(2g+k:1 V-1 — Mgotr,,

which takes the labeled point z! to y; a39TF*! ..,xig%lﬂ to

tiy ooty @ 29%1” to tg,+1; and forgets all other labeled points. Note

that W*St*[ﬁ] = K- E(k|1,... ko), where

(48) K = (ky — 1)!(ky — k)29 4 ky — 1)!(ky — 2)9th=D),
The Lemma of E. Ionel implies that

(49)

60 Bl k) = o (st (a0 - () - st [A])

where D is dual to the divisor whose generic point is represented by a
two-component curve such that one component has genus g and con-
tains the preimages of the points ¢1, . .., tx,+1, and the other component
has genus zero and contains the point z1. It is the standart expression
for ¢(x1) via ¢ (y).

One can consider D-st,[H] as the class determined by DNst(H). We
are interested only in the irreducible components of D N st(fAI ) whose
image under the map 7 has codimension one.

Let us describe the generic point of such component. It is a three-

component curve. One component has genus zero and contains x} |

the whole tuple of preimages of one critical value, say z?, ... ,xzrl,
and two nodes, %; and 5. There exists a meromorphic function of
degree ky whose divisor is —kyz] 4+ (k1 — 1) %1 +%o, and a3, ..., 27 _,

are the preimages of its simple critical value. The second component
has genus zero and is attached to the first one at the point x9. It

contains exactly one point from each of the sets {«3,..., 27 |}, .
29+k1 29+k1} { 2g+k1+1 29+k1+1} { 29+k1+2 29+k1+2}
Ty ) Lrr—1 Lryt1 )t 1 Ly

The last component has genus g, is attached to the ﬁrst component at

the point %; and contains all other points. There is a function of degree

ki — 1 such that *; is the point of total ramification, x3, .. xfﬁkl are

20



simple critical points, and all points a:; with fixed superscript are the
preimages of a single point in the image.
From this description it is obvious that

~

(50) 7 (D st,[H]) = K - E(k; — 1]1, ..., k).

Now we shall describe 7,st, (ﬁ*w(zl)). Note that ¢(2;) is dual to the
divisor whose generic point is represented by a two-component curve
such that z; lies on one component, and 24k, +1 and 2og4p, 42 lie on
the other component. Let us describe only those components of the
preimage of this divisor under the map [l whose ,st,-image does not
vanish ) (y)29+ki—1,

There are two possible cases. The first one looks like follows. Con-
sider the divisor in Mg 414,12 Whose generic point is represented by a
two-component curve such that z; and exactly one point from the set
{%2,..., 22941, } lie on one component, and all other points (including
Z2g+k1+1 and 2ag 1k, +2) lie on the other component. Then we obtain just

~

the same picture as in the case of D - st,[H], but with coefficient k; — 1,

since [l is ramified along this divisor with multiplicity k; — 1.

The next case is as follows. Consider the divisor in Mg agis, 1o
whose generic point is represented by a two-component curve such that
2994k +1 and zag4k, 42 lie on one component and all other marked points

lie on the other component. The map Il is not ramified over this di-
visor. There are ky + (k1 — kz) possible cases in the preimage of this

o~

divisor under the map II.
The first ky cases mean that xfﬁkl” lies on the same genus zero
irreducible component of the domain curve as one of the marked

. 2g+k1+1 2g+k1+1 L
points 239" ,...,:cngr 1 Under the map m,st, this gives us

ky - K - E(ky|1,... ko) in the space MQ,QHHLQ, where I’ =1 — 1.

The other £y — ky cases mean that :17?”]“+2 lie on the same genus
zero irreducible component of the domain curve, as one of the marked
points :cigfl““, o ,xi‘frklﬂ. Under the map w,st, this gives us K -
E(ky|1,... ko, ko + 1) in the space M, 14, (it is easy to check the
coefficient by direct calculations).

Thus we obtain that

(51) / A / Py 4
E(k1[1,....k2) k1 E(ki—1|1,....k2)

R ()t
kv J B, ko) kv J Bk, o e 1)

- / Y(y)*
E(k1—1|1,....k2,k2)

Here the sign [ " means that we calculate the intersection number in

the (co)homology of My o,
21



Combining the last equality and Lemma 9 we obtain that S(kq, ko) =
(S(k1,ka+1) — S(ky — 1,ks))/ (k1 — k2). O

10. THE CONJECTURE OF E. WITTEN

In this section we recall the conjecture of E. Witten [26]. Unfortu-
nately, we give some definitions very briefly. More details one can find
in [26] and [11].

10.1. Gelfand-Dikii hierarchies. Let us fix . In this section we
define the string solution of the r-Gelfand-Dikii (or 7-KdV) hierarchy.
Consider the differential operator

r—2

(52) Q=D -3 ux)D,
i=0

where

(53) p=_9

NGETS
There is a pseudo-differential operator Q" = D + Y iso w; D7t By

Q™™™ denote (QV/7)"+™. Note that | n+m/r, Q] is a differential op-
erator of order at most r — 2.
The Gelfand-Dikii equations read

. 8@ n+m/r Cnom
4 = =
(5 ) Zatmm [ + I Q] \/; )
where
(55) . _ (_1)n,r,n+1

(m+1)(r+m+1)...(nr+m+1)

The string solution of the Gelfand-Dikii hierarchy is the formal series
F in variables ¢; ;, 1 =0,1,2,..., 7 =0,...,r — 1, such that

r— oo r—2
(56) 8750 0 Z 52—}—] r— 2t0 ZtOJ + Z Z tn—i—l mat
n=1 m=0
and
32F m—+1
(57) _Cn,mres( " j )7

Oto0Otnm

where () satisfies the Gelfand-Dikii equations and ¢ is identified with
x.

One can prove that F' is uniquely determined by this equations,
up to an additive constant. Below we shall discuss an effective way
to calculate the coefficients of F' in the case of r = 3 (Boussinesq

hierarchy).
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10.2. Intersection numbers (]] T:;’j>g. Our definitions in this sec-
tion can seem to be not entirely clear. But our goal now is only to give
a general idea of Witten’s definitions. As usual, we refer to [26, 11, 23]
for details.

10.2.1. A covering of M,,. Consider the moduli space M,, 3
(C,z1,...,75). Fix an integer r > 2. Label each marked point z;
by an integer m;, 0 < m; <r — 1.

By K denote the canonical line bundle of C'. Consider the line bundle
S =K ® (®_,0(x;)"™) over C. If 2g — 2 — Y7 'm, is divisible by
r, then there are 729 isomorphism classes of line bundles 7 such that
T®7” >~ S.

The choice of an isomorphism class of 7" determines a cover M
of M, .. To extend it to a covering of M, , we have to discuss the
behavior of 7 near a double point.

10.2.2. Behavior near a double point. Let C' be a singular curve with
one double point. By 7: Cy — C' denote its normalization. The preim-
age of the double point consists of two points, say ' and z”. There are
r possible cases of behavior of 7 near the double point.

The first » — 1 cases are the following ones: 7 = 7,7’, where 7’
is a locally free sheaf on Cy with a natural isomorphism 7" = K ®
(®5_,0(x;) ™) @ O(2") ™ @ O(2")~ =27 'm =0,...,7r — 2.

The last case is when 7 is defined by the following exact se-
quence: 0 — 7' — T — (’) —. Here 7' = 7, 7", where T"%" =
K ® (®5_,0(z) ™) @ O(x)~Y @ O(2")==Y. The map 7 — O is
the residue map taking a section of 7 to the coefficient of (dz/z)"/".

10.2.3. The top Chern class. If H°(C,T) vanishes everywhere, then
one can consider the vector bundle V over M;,s whose fiber is the dual

space to H'(C,T). What we need is the top Chern class cp(V) of this
bundle; here

(58) D= —(g r-2 Z mi

In the case when H°(C,T) is not identically zero, there is another
definition of the corresponding cohomology class. We don’t want to
recall it. Let us denote this class by the same notation, c¢p(V).

We shall use only the following properties of this class. First, con-
sider a component of the boundary consisting of curves with one dou-
ble point, where 7 is defined by one of the first » — 1 possible cases.
If this component of the boundary consists of two-component curves,
then cp(V) = cp, (V1) - cp,(Va), where V; and Vy are the correspond-
ing spaces on the components, V = V; @& V,. If this component of
the boundary consists of one-component self-intersecting curves, then

cp(V) = cp(V'), where c¢p(V') is defined on the normalization of these
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curves. The next case is when we restrict ¢p(V) to a component of the
boundary with the last possible behavior of 7 at a double point. Then
we require that c¢p()V) vanishes.

It will be easy to see that such properties uniquely determine the
desired intersection numbers. It is not obvious that these properties
define the Witten’s top Chern class. But in any mathematical paper
reformulating the conjecture of Witten [11, 23], it is done in the similar
way.

10.2.4. The Mumford-Morita-Miller intersection numbers. Let us label
each marked point z; by an integer n; > 0. By

(59> <Tn1,m1 .- -Tns,ms>g

denote the intersection number

(60) /_/ Hw@ en(V).

Of course, this number is not zero only if

(61) 39-3+s=Y ni+D.

=1

10.3. The conjecture. Consider the formal series /' in variables t,, ,,,,
n=0,12...;m=0,...,7r—1;

dnm

(62) F(too,toa,- - - Z H Tdnm o

dn,m n,m

The conjecture is that this F' is the string solution of the r-Gelfand-
Dikii hierarchy.

10.4. Boussinesq hierarchy. We need to be able to calculate the
coefficients of F' starting from the Gelfand-Dikii hierarchy. The general
methods, like [18], are very complicated. We show how to do this in
the case r = 3 (Boussinesq hierarchy)

Let us denote OFF/0t;, j, ... 0t i, by ((Tiyjy -+ Tirjo)). Note that

res(Q'/?) = —({5))/3 and res(Q2%) — —2(<To,070,1>>/3-

Since Q = D3 + 3(res(QY?))D + (3/2)(res(Q*?) + Dres(Q'?)), it
follows that Q@ = D* + D + 73, where 4 = —((73,)) and 7, =
—{{ro0m0.1)) — 1{(750))/(2V/3).

Let us consider the pseudo-differential operator Q™ '+™/7.  Since
[Q, Q" ™" = 0, it follows that [Q, Qi "] is a differential oper-
ator. Let Qﬁ_Hm/T = D'+ asD72+.... Then the coefficients at

D=1 and D=2 of the operator [Q, Qﬁ_Hm/T] are equal to

(63) DBOél + 3D2062 + 3DO[3 + D(Oél’)/l) =0
24



and
(64)

D3as + 3D + 3Dowy + y1 Doy — a3 D1 + 205Dy + 0y Dys = 0
respectively.

Note that res(Q"™/3) = ay—a; Dy, +asy1+a;17,. From the Gelfand-
Dikii equations it follows that

i3 Om
Cn—1,m atn—l,m
V3 O

Cp— 1,m 8tn7 1,m

(65)

= 3DO(1,

= 3D2041 -+ 3DO(2,

V3 om

Cn,m atn,m

= 3D res(QmT™/3).

Using equations (63) and (64) we can express Doy in terms of oy
and as. Using the first two equations in (65) and the string equation
we can express «p and as in terms of derivatives of F'. If we replace all
a; and ~; in the third equation in (65) with their expressions we obtain
the following:

(66) (3n +m + 1){(TamTo0)) = (Ta-1m701)) {{T50)) +

2((Tn-1,m70,0)) ((T01750)) + 2{(Tn-1.mT0.170,0)) {({T5.0)) +
2

§<<Tn—1,m70,173,o>> + 3((Tn-1.mT00)) {{T0,170,0))-

This equation allows us to calculate the coefficients of F' in the exam-
ples below. The similar equation is used in [25] in the case of r = 2. Tt
is easy to see that using the same argument one can obtain the similar
equation for any Gelfand-Dikii hierarchy.

11. AN ALGORITHM TO CALCULATE (T [1ic; 7e4),

Let us fix r > 2.

11.1. Two-pointed ramification cycles. By V', (IT;_; 7g,0.) de-
note the subvariety of M/,  consisting of curves (C,zy..., 2114, 7)
such that —(>°7_, a;)x1 + D ;_; ;x4 is the divisor of a meromorphic
function. The covering M, — My 14, is defined here by m; = m,
mo = q1,...,Mirs = ¢s. All a; are supposed to be positive integers
and also we require 0 < m, qp,...,qs <r —1.

Let us denote by Vj ,»(I1_; Mg;.0;) the closure of V;m(nf:l Nginai)-

Let us denote by S7, (I T;_; 74:.0;) the intersection number

1
(67) = V()" - ep(V).
T IV m(TT5=1 Ma.a;)
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Note that 7', (IT;_; 7mi.a;) is defined iff g > 0; 0 < m, q1,...,qs <
r—1,n>0;s>1;ay...,as > 1. Moreover, for convenience we put
S8m(Mmy 1) = 0; and if g < 0, then we also put S}, (IT;—; mi.a;) = 0

Another definition we need is the following one. Consider the
moduli space ﬂ/lk > (C,xy,...,2,7T) determined by some labels

mi,...,my. Let by, ..., by be non-zero integers such that Zle by = 0.
By W(by,...,b;) denote the closure of the subvariety consisting of
smooth curves (C,xy, ..., 2k, 7 ) such that there exists a meromorphic

function whose divisor is equal to Zf L bexy.
By Si(IT_y %y s,) denote (1/r) fw(b )CD(V>. We shall discuss
later how to calculate Sl(thl Mg by )-

11.2. The algorithm. The algorithm is based on the following state-
ments.

Theorem 4. If s > 1, then

(68) <mHm>=Z( ()S"JHnmll )

Jj=0 g

Ifn > 1, then

S;Lm(Hnmi,ai) -
a(l) j
[I|+j5—2 T br
Z Z Z < s (29+S—1) .aut(bl,.l..,bj).

| Gr)
Ic{1,....,s} =1 B(j,a(d 7"
Z S;LJrll Jm HnmivaiHT/ut by HTOr 2—uy HTOmz
..... €1 t=1 iel
n ]+ ' Iib
(Zi:l ar) : (2g + 55— 1) aut(bl, e b])

J
Z Sg Jlm H Nhmia; H numbt) H Nm;,—a; H Mr—2—uy, bt

..... u; =0 i€l t=1 il

Here the first sum is taken over all subsets I of {1,...,s}. Then, a(l) is
defined to be ), ., ay. The third sum is taken over all possible partitions
B = (b1,...,bj) ofa(l) of length j; > 7 _ b = a(I), by > --- > b;, and
all by are positive integers.
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The wnitial values look like follows:
(70) Hnm,,a, =0, if g>1;

S
= s . N
| |77m1,az Mm,— 3%, a; | |77m1'7ai)a
=1
S

s
&m(H nmi,ai) = <Tn7m H 7—0,mi>0
=1

i=1

Applying Eq. (68) and then several times Eq. (69) we express

. . 1 . . .
the intersection number (7, ,, [[_; Tokl> via the intersection numbers

(IT:Z 117'&)0 and §1(Hf:1 Tmebe)- Later we explain how to express the

intersection numbers §1(Hf:1 Mo ) Via (J]Z 117'&>0

11.3. Simple examples.

11.3.1. (710)1. Let us consider the case r = 4. From the topological
recursion relation (see [5]) we know that (7)1 = 1/8. Let us prove
this independently.

Note that <T170>1 = <7'270T070>1. Equation (68) nnphes that <7'270T070>1 =
St 0(770 1)

We know from [26] that in the case r = 4, (7570,2)0 = (To0741)0 = 1,
(16175200 = 1/4, (154)0 = 1/8, and all other (H::_l1 4300 are equal to
zero. Another fact we need here is that 51(Ht:1 Nme b, ) 18 equal to zero
if one m; is equal to zero.

Then, from (69) and formulas for initial values, it follows that

1
(71) 512,()(778,1) = 5511,0<770,2)<To2,070,2>03

1 1
Sto(moz) = 1 0.0(M0,172,1) (T4 0T0,2)0 + gsg,o(ni1)<70,0702,1>0%
S0.0(M0.1m2,1) = (T6.070,2)0;
S00(mi1) = (10,075 1)0-

Thus we obtain that (7 9); = 1/8, as it has to be.

11.3.2. (11,173 170,0)0- Let us calculate (71175 ,70,0)0 in the case 7 = 3.
It follows from the string equation that (71173 ,700)0 = (75100 = 1/3,
but we want to calculate this using our algorithm.

Recall that in the case r = 3, (75¢70,1)0 = 1, (75,)0 = 1/3, and all

other (J];_ 117'0 Yo are equal to zero.
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From our algorithm we have the following

(72)  (T1175 170,000 = So1 (73 170.1)
1

1
258,107%,1771,2)<To2,070,1>0 + 558,1@70,3770,1)(7&1)0

55,1(7731770,1) =
58,1(77%,1711,2) = <7'61,1>0

58,1 (770,3770,1) = <Tg,oTo,1>o

Thus we obtain that (73,175 ,70,0)0 = 1/3.

12. PROOF OF THEOREM 4 AND CALCULATION OF S1([%_, 7.

12.1. Initial values.

Proof of the third statement of Theorem 4. Consider the intersection
number S = S) ([T, 7hm.a;) = 0, where g > 0. We want to prove
that S = 0. Recall that S is defined to be

(73) 5= en(V)
9 Vg,m(nle nqi,ai)
Note that dim V »,(TTi_; Mgiai) =29 +s—2and D < g+ s. If g > 2,
then 2g + s —2 > g + s, and we obtain S = 0.
Since Vim(ITi2y Mgia) = W(=>20_, ai,aq,...,as), where m; =
m, my = qi,...,Msp1 = (s, if follows that Sﬁm(nle Nimgai) =

S (nm,— Dl ai Hle nmuai)'
The equality S&m(Hle Nmia:) = (Tom [ L= To,mi;)o We obtain just
from the fact that in the case of genus zero Vo, (I1_; M4.q;) i equal to

the appropriate space HIOJ L 0
12.2. First step of the algorithm.

Proof of equality (68). The first statement of Theorem 4 is proved by
the very same argument as Lemma 7. The only difference is the fol-
lowing one. We have to formulate and prove an analogue of Lemma 8.
Proving this analogue and using the Lemma of E. Ionel we represent
the 1-class as a sum of divisors. Then we choose only those divisors,
where 1(y)* - cp(V) is not zero. Here we have to use one more addi-
tional argument: (7o - H2:1 To,mgyo 7 0, iff [ =2 and my +my =r — 2.
Then this intersection number is equal to 1. All other steps of the proof
are just the same. O

12.3. Equality (69).

Proof of equality (69). This is also proved in the same way as Lemma 7.
Let us use the Lemma of E. Ionel. In the target moduli space of the

1 mapping we express the 1-class as the divisor whose generic point is
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represented by a two-component curve such that the point correspond-
ing to x; lies on the first component and the point corresponding to
To,...,xs with a fixed critical value lie on the other component.

Then we express ¥ (x1) as a sum of some divisors in H. The map-
ping o o st (o is the projection forgetting all marked point except for
T1,...,%145) takes each divisor to a subvariety of (V. (I15—; Mgiai))
(7 is the projection M;,l +s — My1+s). We need only subvarieties of
codimension one. This condition means that all critical points of the
correspondmg functions are lying exactly on two components of a curve
in st(H ). In other words, this means that a curve in a(st(H )) consists
of two components.

Consider such irreducible divisor in m(Vy (I 15, Mgi.a)) = o(st(H)).
Two components of a curve representing a generic point of this divi-
sor can intersect at j points. One component contains points x;,1,
iel C{l,...,s}, and j points of intersection. The other component
contains points z; and x;,1, ¢ € I, and also j points of intersection. The
first component determines a two-pointed ramification cycle, where the
divisor is Y., @145 — D1, bex¢ (by *¢ denote the points of intersec-
tion). The other component also determines a two-pointed ramification
cycle, where the divisor is —(} ;_; a:)x1 + D i1y + D5 bk

Let the first component have genus g; and the second one have genus
g2. We have g1 + g2 +j — 1 = g. We must consider the preimage of
this divisor under the mapping 7 and then to integrate against it the
class 1 (x1)" - cp(V). Note that when cp(V) doesn’t vanish, it factor-
izes to ¢p, (V1) - ¢p,(Va). Then we have to integrate cp, (V) over the
two-pointed ramification cycle determined by the first component, and
P(x1)" 1 cp,(Vs) over the two-pointed ramification cycle determined
by the second component.

In the first case we see that dimensional conditions (as in Sec. 12.1)
imply that the integral does not vanish iff g = 1 or ¢ = 0. Thus we ob-
tain the second multipliers in the formula. The integral corresponding
to the second component obviously gives us the first multipliers in the
formula.

Now we have only to explain the coefficients in the formula. The
coefficient 1/r9 appearing in the definition of S}’ (TT;_, 7m,.q;) behaves
properly since 7 is a ramified covering with correspodmg multiplicities.
Then, []/_, b, is the multiplicity of 1 along the corresponding divisor

in H; the coefﬁment aut(by, ..., b;) appears since we have to mark the
points of intersection of two components; (> .°_, a,) comes from the
Lemma of E. Tonel; and (|/| + 7 — 2)/(2¢g + s — 1) in the case of genus
0 (or (|| +7)/(2g + s — 1) in the case of genus 1) is the fraction of
multiplicities of o o st over the divisor and over the initial subvariety

W(Vg,m(Hle Ngia:))-
Thus we obtain the required formula. O
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12.4. Calculation of :9\1(]_[?:1 Nme b, )- 10 this subsection we sketch an

algorithm to calculate Sl(Hle Nmen,)- Actually, this algorithm is a
very complicated and a very inefficient one. We are not satisfied with
it in any sense, and sketched it here only for the completeness of the
exposition.

12.4.1. Notation. First we would like to introduce another notation for

§1<Hf:1 nmmbt)'

Let us consider the moduli space
(74> Ml,k+l+n > (C, Llyeo s Ty Yty o -5 YLy 215 -+ Zn).

Let ay,...,a; and by, ..., b be positive integers such that Ele a; =
22:1 b;. Consider the subvariety V' C M j1;4, consisting of curves
such that Zle aﬂ?i—zli:l byy; is the divisor of a meromorphic function.

Let us fix 0 < ml,...,ml,m’l,...,m;,zn’l’,...,m;; < r—1. Con-
sider the corresponding covering m: My, — Migygn. By
V(e o b by m!) denote the closure of the preimage

mi mg I m) m
of V under the mapping 7.

al ai | b1 by " "
By R(,! mk‘mﬁ m2|m1, ...,m!) denote

1
(75) —/ cp(V).
PV

b " "
i Ll |mY,...,mi1)

. a ag | b b I k k
Obviously, R( " ... * ml,l e ml; 0) = Si(I Tzt mias Tlimy 7t —,)-

12.4.2. The simplest cases. First, note that R(Q|@|m},...,m!) = 0

n

(this follows from the dimensional conditions). Then
R(nil |ni/1 |m/1/7 s vm;;) = 0.

Let us show how to caculate R(

212l ml). Tin = 0, then

we can consider the intersection number (71 ,,, 7o.m7)1. We can calculate
it using the topological recursion relation. Trying to calculate it using
our usual technique, we express it via R(Wf1 |nf,1 |0) with a non-zero
coefficient. Then we can calculate R(Wf1 \WQL,I 0).

Suppose we managed to calculate all intersection numbers
R(731|n3,1|m/1/,...,m;;) with n < ny. Let us calculate it for n = n,.
Consider the intersection number (71, 7om [[;2) Tomy)1-  We try
to calculate it using our usual technique. Therefore, we express it

as a linear combination of R( % |2 |m¥,...,m") with n < ny and
my Im)
2 2 : :
R( = |2 ImY,...,m! ) with a non-zero coefficient. Then we can cal-
my I m] 1> ) no
2 2 " "
culate R(,, ‘m’l imf,...,my ).
The next step looks like follows. Suppose we managed to cal-
culate all intersection numbers R(,° [ ° [m{,...,my) with ¢ < co.
1
Let us do the same for ¢ = ¢g. Consider the intersection number
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(T1m1 To,m, 1T, Tomy)1- Applying admissible covers of degree ¢ (to-
tally ramified at x; and with multiplicity ¢y — 1 at y;) we express it
as a linear combination of already calculated intersection numbers and
R(7 |ncf |mY,...,m.) with a non-zero coefficient.

12.4.3. The general inductive step. Suppose we managed to calculate

: : b b
all intersection numbers R = R( " ... | ... " |m{, ... ,my;) with
1 1

Zle a; < s. For Zle a; = s suppose we managed to calculate R with
k+1 < ky. For k+ 1 = ko suppose we managed to calculate R with,
say, by < (by)o-

We shall consider admissible covers f such that f~'(z1) = ajz; +

c+apry and [ zp) = by + -+ ((B)o — 1)ag + 1 - % (here * is
an additional point). Applying the Lemma of Tonel and our usual ar-
gument we see that (7 ,,, Hle T0.m; Hizl Tom! | [i=y Tomy) is expressed
as a linear combination of already calculated intersection numbers and
R( |:11,1 . (b’ 0 |m ...,m!") with a non-zero coefficient.

12.4.4. Ezamples. Consider the case r = 4. It’s easy to see that

(Ht 177mtbt) #0,iff k =2 m = = 2, and by = —by. Let
us calculate 51(7)2 oMo, —2) and S, (n2,3m2, 3)
Note that
1 X 1.
(76) 3.5 = (T12702)1 = 51,2(772,17}0,1) = 551(7}2,27}2,—2)-
Therefore, §1 (M2.2m2,—2) = 1/25.

Then
(77) <71,27'0,2>1 = 511,2(772,27}0,1) - §1(ﬁ2,2n2,—2);
1~ 4~
51172(772,27}0,1) = 551(7)2,37)2,—3) + §Sl(n2,27}2,—2)-

Therefore, 5, (M2.3m2,—3) = 1/12.

APPENDIX A. CALCULATION OF (7g1)3 IN THE CASE 1 = 3

In this section we calculate the intersection number (74 1)3 in the case
r = 3, using our algorithm (Theorem 4). Then we calculate the corre-
sponding coefficient of the string solution of the Boussinesq hierarchy
using the relation explained in Sec. 10.4. The results will appear to be
the same.

A.1. First step of the algorithm. The first step is the following:

1 1 1
(78)  (761)3 = (T71700)3 = 655,1(776‘,1) - 559?,1(773,1) + 555’,1(713,1)-

In the next three subsections we calculate separately the summands

of this expression. Let us recall once again that in the case of r = 3,
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(73707071>0 =1, <7'5171>0 = 1/3, and all other (H::_l1 Th5)0 are equal to
7ero.
For convenience, we shall denote (73 ,70,1)0 by (1) and (73 ,)0 by (1/3).

A.2. Calculations in degree 4. Using Eq. (69) we get

1
(79) S??,l(ﬁé,l) = 555,1(773,1770,2)(1%

Then

3
(80) S§,1(77§,1770,2) = 1—659?,1(770,1770,3)<1> +

1 1
+ 1_653?,1(713,2)“) + 555,1(773,1771,1)“%

1
S51(noamos) = §5§,1(ﬂ0,4)<1> +

1
14

1 1
S51(mp2) = 5531,1(7)0,4)@) + ES§,1(770,1770,2771,1)<1>;

53,1(778,1771,1) =

1
S3.1 (15 1m,2) (1) + ﬁ5§,1(770,1770,2?71,1)<1>5

3 3
ﬁ5§,1(773,17h,2)<1> + ﬂ53,1(770,1770,2?71,1)<1>-

Therefore,
(81)
7 /4 L 3 4 2 11
53,1(770,1) = 8_453,1(770,4) + ESSQ,1(U0,1771,2) + @52,1(770,1770,2771,1)-
Then

1
(82) S3i(mo4) = §S§,1(770,1?71,3)<1> +

1 1
§S§,1(7IO,3?71,1)<1> + 653,1(770,2?71,2)<1>;

1

Sy1(Mg1m2) = 155’,1(770,1771,3)<1> +

1 1
S§,1<770,2771,2) (1) + 4_8519),1(773,177%1)“%

12
4 1 3 1 3
Sy1(Moam02m,1) = §52,1(770,1771,3)<1> + 552,1(770,2771,2)@) +
1 1
§S§,1(UO,37)1,1)<1> + ﬂsf,l(ﬁg,mfl)ﬂ%

Therefore,

15 13
(83) S51(mos) = Wsé)’g(no,ml,?,) + WS§,1(770,2771,2) +
9 31
29—‘755’,1(?70,3771,1) + Wsi1(ﬁg,1ﬁi1)-
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Note that

1 1
(84) S31(moamis) = =551 (ma)(1) + Eng(ﬁo,ﬂh,ﬂh,z)(U +
1

5
L o /4
@50,1(770,0)%%

1 1
S51(nogm,2) = =531 (ma)(1) + 2—0512,1(?70,1771,1771,2)<1> +

5
1
4—05’?,1(770,277?,1)(1%
S3 o ( _lg 1) 4 g2 1
5 1(Mo3m,1) = 5 51(M,a)(1) + 10 11(M0.1m1,1m1,2)(1) +
1
1—05f,1(770,277f,1)<1>5

2 1
Sf@(ﬁé,lﬁil) = 3512,1(710,1711,1771,2)<1> + msf,l(noﬂﬁg)“) +
1

1
%53,1(773,0)<§>-

Then

3

1
Esll,1(771,3771,1)<1> + 5511,1(77%,2)“) +
1 1

§55,1 (?73,1770,2) <§>3

3 1
1_6511,1(711,3771,1)<1> + §S11,1(7ﬁ,2)<1> +

(85) S31(ma) =

St (moamam.z) =

1

1 1
153,1(773,1770,2)<—> + 3—255,1(770,1775’,1)@);

3
3 1
St1(noaniy) = =511 (mama)(1) + 1—653,1(770,177?,1)<1> +

8
1 1
1_65(%,1 (m5.1m0.2) <§>-

Since

1 1
(86) Sti(mama) = =So1(ni1ma2)(1) + 1(?70,1?70,3)<§> +

1 0
6 550
1 1 1
§58,1(?7§,2)<§> g;
1
PR

1
58,1(77%,1771,2)<1> +

511,1(77%,2) = 19

1
0,1(770,1770,3)<§> +

1 11

Lo /2
550,1(770,2)<§> = 2 .32
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it follows that

(87) S3.0m0) = o

St (moamam,e) = 227327

S1,1<770,277%,1) =

and, therefore,
(88) S5 (no.1ms) = %

52 1(Mo.2m1,2) = %

53,1(770,3771,1) = 55 3?1) 5

Sil(ﬁé,lﬂ%@) =
Thus, we have

(89) S51(o1) = %

A.3. Calculations in degree 3. We have

1

(90) 5??,1(773,1) = ES§,1<770,1770,2)<1>5

1 1

S31(10.m0.2) = §S§,1(Tlo,3)<1> + 5551,1(773,1771,1)@%
1

S§,1(Uo,3) =

1
§S§,1(770,1771,2)<1> + 553,1(770,2?71,1)(1%
2 1
Sy (mgam.1) = 555’,1(770,1771,2)<1> + 555’,1(770,2771,1)<1>5

1 1

S5 1 (1m0am,2) = 553,1(771,3)<1> + —5121(770,177%,1)@);
1

53,1(770,2771,1) = _S§,1<771,3)< ) + 51 1 (1o, 17, 1)<1>‘

5
2 1 1 1
52,1(771,3) = 651,1(?71,1771,2)< > 3650 1(770 1)<3>,

1 1 1
512,1(770,171%,1) = 5511,1(771,1771,2)<1> + 125011(773,1)<§>3

4 1 1
Sia(mame) = 558,1(?70,1770,2)<§> + E58,1<7]i1><1> =

34
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Thus, we have

1
(91) 512,1(770,177%,1) = 22—_3;
1
S31(ms) = 3
3 7
Sy1(Mo2m,1) = 92.33.5
11
53,1(770,1?71,2) T 93.33.5
1
53,1(778,1711,1) = 5.33. 5§
5
S§,1<770,3) T 93,35 35;
37
5 _
531 (10.170,2) = 23.35.5.7
and therefore,
37
(92) S31(Mo.1) = ST
A.4. Calculations in degree 2. We have
5 (12 L L1 s
(93) 53,1(710,1) = _53,1(710,2)<1> =z _52,1(710,1771,1)<1> =
7 7 12
1 1 1 1
RN 5522,1(?71,2)<1> =% 357 ES%J(W%MD =

1 1 1 1
B € P Y G S —
% 3.5.7 601G = r a5

A.5. Summary. We have

209 37 N 1 1
28.35.5.7 26.35.5.7 28.33.5.7 27.35°

(94)  (76.1)3 =

Let us calculate the corresponding coefficient of the string solution
of the Boussinesq hierarchy. It follows from (66) that

2
(95) 26<78,17'0270>3 = 2<T7,17'0,0>3<7'0,17'§,0>0 + 5(7'7,17'0,17'5’,&2;

2
20<7-6,17-0,17-0270>2 = 4<T5,17'0,17'0,0>2<7'0,170270>0 + —<T5,17'§,17'g,0>1;

3

14(74 175175 001 = 6(73.175 170,0)1(T01T50)0 + §(74,175’,1T§’,o>0-

Therefore, (161)3 = 1/(27 - 3°). Thus we have checked Witten’s

conjecture for (741)3 in the case of Boussinesq hierarchy.
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