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A SEMILINEAR SCHRODINGER EQUATION IN THE
PRESENCE OF A MAGNETIC FIELD

GIANNI ARIOLI AND ANDRZEJ SZULKIN

ABSTRACT. We consider the semilinear stationary Schrodinger equation in a
magnetic field (—iV + A)?u +V (z)u = g(z, |u|)u in RV, where V is the scalar
(or electric) potential and A is the vector (or magnetic) potential. We study
the existence of nontrivial solutions both in the critical and in the subcritical
case (respectively g(z,|u|) = |u|2"~2 and |g(z, |u|)| < ¢(1 + |u|P~2), where
2 < p < 2*). The results are obtained by variational methods. For g critical
we use constrained minimization and for subcritical g we employ a minimax-
type argument. In the latter case we also study the existence of infinitely many
geometrically distinct solutions.

1. INTRODUCTION

In this paper we study the existence of solutions u # 0 of the semilinear Schro-
dinger equation
(1.1) (—iV 4+ A u+ V(z)u = g(z, |u))u, z e RV,
where u : RY — C and N > 2. Here V : RY — R is the scalar (or electric)
potential and A = (Ay,...,Ay) : RV — R¥ is the vector (or magnetic) potential.
Let B := curl A. For N = 3 this is the usual curl operator and for general N,
B = (Bji), 1 < j,k < N, where Bjj, := 0;Ar — OrA;. One can also consider A as
a 1-form:

N
A= Z Ajdzj;

j=1

then B = dA, i.e.
B = Z Bjkdxj A da®,
i<k
where Bj;, are as above. B represents the external magnetic field whose source is A.
Suppose A € L2 (RN, RN), V € L} (RY) and let V be bounded below. Denote
Vau=(V+il)u,
let
HL(RY) = {ue L*(RY) : Vu € L*(RY)}

and, for N > 3,

DL (RY) = {u e L7 (RY): Vaue LQ(RN)} :
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A.S. was supported in part by the Swedish Research Council.
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2 GIANNI ARIOLI AND ANDRZEJ SZULKIN

where 2* := 2% is the critical Sobolev exponent. Both H(R"Y) and DY (RY)

are Hilbert spaces with inner product respectively

Vau-Vav+uv
]RN

and

/ Vau-Vv
RN

(the bar denotes complex conjugation). By Section 2 of [EL] and Theorem 7.22
of [LL], Cg°(RYN) is dense in HY(RN) and DY*(RY) (in [EL] D*(RY) has in fact
been defined as the closure of C§°(RY) with respect to the norm corresponding to
the inner product above).

Let [g(z, [ul)] < (1 + |u
functional

=2y and F(z,|u]) := Olu‘g(x,s)sds; consider the

J(u) = 2 / IV gl + Viuf — / Fa, ul).
2 RN RN

Suppose u € H(RY). By the diamagnetic inequality [LL, Theorem 7.21] (see also
the next section), |u| € H'(RY) and therefore u € LP(RY) for any p € [2,2*] (for
any p € [2,4+00) if N = 2). It follows that whenever V € L#(R"), where g > N/2
(B > 1if N = 2), then J € CY(H(RY),R) and critical points of J are weak
solutions of (1.1). We note for further reference that J(e*’u) = J(u) for any 9 € R,
hence J is S!—invariant.

Suppose now A, A € L (RN RY) for some a € [1,400) and curl A = B =

curl A (in the sense of distributions). Then A — A = Vi for some ¢ € Wll’o‘(]RN),

. . oc
see [L, Lemma 1.1]. It is easy to see that if @ = e™*Pu, then V ;4 = eV 4u and

hence
| rwsil = [ vl
RN RN

It follows that if u € H}(RY), then @ € H%(RY) and if u satisfies (1.1), then so

does @ with A replaced by A. The above properties are called the gauge invariance
and the transformation v — @ the change of gauge. These properties are consistent
with the fact that the magnetic field B and not the particular choice of the vector
potential A should be essential. Note that there is a trivial change of gauge u —
~#y, where ¥ is a constant. Then A = A and in fact this property gives
rise to the S'—invariance of J mentioned above. While there is a vast literature
concerning the Schrédinger equation (1.1) with A = 0, to the best of our knowledge
there are only a few papers dealing with the magnetic case [EL, P, ST|. Also in
[CS, K] the magnetic case has been considered, but from a very different point of
view (semiclassical limits and related concentration phenomena).

Denote —A4 := (—iV + A)2. Since V is bounded below, so is the spectrum
o(—Aa+V)in L2(RY). Suppose F > 0. If 0 ¢ o(—A4+V), then either o(—A4 +
V) C (0,400) and the functional has a mountain pass geometry, or o(—A 4+ V)N
(—00,0) # 0 and then J has a geometry of linking type.

u=-e
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Now we proceed to formulate our main results. First we consider a minimization
problem in RV, N > 3. Let

(1.2) = Jo [Vaul + Viu]

)

ueDY* (RN)\ {0} [ul[3-

where here and in what follows |[|-[|,, denotes the usual LP-norm in RY.

Theorem 1.1. IfV >0,V € LgéQ(RN) and A € LY (RN RN), then the infimum

loc

in (1.2) is attained if and only if V=0 and B = curl A = 0.

The above result is a slight generalization of Theorem 3.7 in [EL], but our proof is

considerably simpler. Note that since V' € Ll]XéQ(RN ) only, then [,y V|u|? need not
be finite for all u € Dy*(RN). However, it is finite for u € C§°(RY) and therefore
the minimization problem (1.2) makes sense. Note also that if S is attained at
some u € DY?(RY), then u is a solution of (1.1) with g(z, [u]) = S|u|*> ~2; hence

v =82y solves (1.1) with g(z, |u|) = |u|? 2.

Theorem 1.2. Suppose N >4, V € L}, (RN), V™ := max{-V,0} € LN/?(RV),

loc
Ae L} (RY,RY) and o(—Aa + V) C (0,+00), where o(-) denotes the spectrum
in L2(RY). If there exists # € RN such that V(z) < —c < 0 in a neighborhood
of T and A is continuous at T, then the infimum of (1.2) is attained for some

u € Hy(RY)\ {0}.

Since o(—A4 +V) C (0,400), it follows that if S is attained, then it is positive.
Indeed, S > 0 and if § = 0 is attained at some u # 0, then u is an eigenvalue of
—A + V which is impossible.

For the next theorem we introduce the following assumptions:

Al: Ve L®RYN), g€ C(RY x RT,R) and A € L7 (RY,RV).

A2: V, g and B = curl A are 1—periodic in z;, 1 <j < N.

A3: g(z,0)=0.

A4: There are constants C' > 0 and p € (2,2*) (p > 2 if N = 2) such that

lg(z, |u])| < C(1 + [uP~2) for all x, u.
A5: There is a constant > 2 such that 0 < uF(z, [u|) < g(z, |u|)|u|? whenever
u # 0.

Note that in view of the definition of F'; (A5) is the usual superlinearity condition.
Since By, = 0jAr — OrA; in the sense of distributions, the periodicity of B should
be interpreted as B(-) — B(- + ¢;) being the zero distribution for any element e;
of the standard basis in RY. It is also clear that according to (A3), (1.1) has the
trivial solution v = 0.

Theorem 1.3. If 0 ¢ o(—A4 + V) and conditions (A1)-(A5) are satisfied, then
equation (1.1) has a nontrivial solution u € H4(RN).

A corresponding result is well-known for the Schrodinger equation with A = 0
(see e.g. [KS, W] and the references there).

Finally we shall exploit the S'—invariance of J in order to show the existence of
infinitely many solutions of (1.1). For this purpose we introduce one more assump-
tion:

A6: There are constants C', g9 > 0 such that

|9, [u+v])(u +v) = g(z, lul)u| < Clo|(1+ [ul"~)
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whenever |v| < g, where p is as in (A4).

Theorem 1.4. If 0 ¢ o(—A4 + V) and conditions (A1)-(A6) are satisfied, then

equation (1.1) has infinitely many geometrically distinct solutions.

By geometrically distinct we mean such u,v that v # e’u for any ¥ € R and
T.v # u for any z € ZY, where T, is a certain operator corresponding to the
translation by elements of Z" in the nonmagnetic case. A more precise definition
will be given in Section 4.

The above result should be compared to the one contained in [BD, KS], where
A was equal to 0.

The paper is organized as follows. In Section 2 we prove some auxiliary results,
Section 3 deals with the minimization problem (1.2) and Theorems 1.1 and 1.2, the
proof of Theorem 1.3 is given in Section 4, and in Section 5 we prove Theorem 1.4.
In the appendix we sketch a proof of Lemma 3.1, which is the magnetic version of
a concentration-compactness result.

Acknowledgement. This research was begun while the first author was visiting
the Department of Mathematics of Stockholm University, whose kind hospitality is
acknowledged. The second author would like to thank Ari Laptev for bringing the
magnetic Schrodinger problem to his attention.

2. PRELIMINARY LEMMAS
The following well-known diamagnetic inequality is proved in [LL]:

Theorem 2.1. If u € HY(RY) (resp. u € DY*(RYN)), then |u| € H'(RN) (resp.
lu| € DV2(RY)) and

|V |u| (z)] < [Vu(z) +iA(z)u(z)| for a.e. x € RY.

Proof. We outline the argument. See [LL] for more details. Since A is real-valued,
Re (Vuﬂ)
|ul

Remark 2.2. The spaces H}(RY) and H'(RY) are incomparable; more precisely,
in general H}(RY) ¢ H*(RY) and H'(RY) ¢ H}(RY). On the other hand, when
restricted to a bounded set they are equivalent, as stated in the following lemma
(which will not be used later).

Lemma 2.3. Suppose A € L% (RN, RYN), where « = N if N > 3 and a > 2
if N = 2. If Q is an open bounded subset of RN with reqular boundary, then
u € HY(Q) if and only if u € HY (). Moreover, there exist c1,ca > 0 only depending

on ) such that cy [|ul| g (q) < ||u||H}4(Q) < ez ||ull g1 gy for all u € HY(Q).

(2.1) |V |ul (z)| = < |Vu +iAul.

— ‘Re ((vwmu)i)

|ul

O

A regular boundary means here that the Sobolev embedding H'(2) < L% () is
continuous (a sufficient condition for regularity is that 9 is Lipschitz continuous).

Proof. We consider the case N > 3 and leave the other one to the reader. By the
Holder inequality and the embedding H*(Q) < L? (Q) we have

2 2 2 2
/Q |AU|2 < ||A||LN(Q) ||U||L2*((z) < CHAHLN(Q) ||U||H1((z) J
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hence
[ Vau 4P < [ 2090 + [ AuP) 4 o < [ Va4 Juf?
Q Q Q
To prove the other inequality (i.e. c1 |[uf|f1 (o) < ||“||H§(Q))’ note that
[ Va4 = [ (1]~ a4 fop
Q Q
— [ 190 = 2040Vl + [APuf? + ol
Q
It remains to show that
[ VUl 24Tl + AP+ P 2 e [ (T fup
Q Q
for some positive e. Arguing indirectly, we find u,, with ||u,||g1(q) = 1 such that
1
/ |V |? = 2| Aug| [V | + [AP [un? + [un|* < =.
Q n

Passing to a subsequence, u, — win H*(2) and since A € L™ (Q), [, |Auy| [Vu,| —
Jo |Au| |Vu|. Hence

J1vul = 1aul P+ o = [ [9uP = 2lAuFa] + AP + fuf <
Q Q

If w # 0, this is a contradiction, and if u = 0, then the inequality above is strict
because u, /4 0 in H'(Q), a contradiction again. O

The following result is a special case of Proposition 2.2 in [EL] (see also Re-
mark 2.4 there):

Proposition 2.4. If A € V[/ll’oo(RN,RN) and either 0j Ay, — O, Aj > c a.e. in RY

oc

or 0; Ay — O A; < —c a.e. in RN for some j,k € {1,...,N} and ¢ > 0, then
cllull3 < 1185 +iA;)ull + 19k +iAr)ull < [V aull3
for all u € HY(RY).
In Theorem 1.2 we require that o(—A4 + V) C (0,400). According to Lemma

2.5 below, either of the following assumptions suffices.

P1: Ac LY (RN), Ve L} (RY), where N > 3, and there exists a bounded set

loc loc
Q c RY and two constants c¢;, co > 0 such that

(2.2) V(z) > ¢q for all x ¢ Q
and

(2.3) inf V(2) = —c> > —Spu(Q)2/N,

S being the Sobolev constant for the embedding DV2(RY) < L™ (RV).

P2: A ¢ WEX@RN,RN), V € L} (RY) and there exists a constant cz > 0

such that inf,cgn V(z) > —c3 and either 9;Ax — OxA; > c3 a.e. in RY or
;A — O Aj < —c3 a.e. in RY for some j,k € {1,...,N}.
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Lemma 2.5. If P1 or P2 above holds, then there exists € > 0 such that
2 2 2
[Vl + VIl = el e
RN

for all w € HY(RY) and therefore a(—A4 + V) C (0, +00).

Proof. P1. Note that if V|u[*> ¢ LY(RY), then [,y V]u|?> = +oo, so the first
conclusion is trivially satisfied. We may therefore assume V|u|? € L*(RY).
By the Holder inequality,

/Q ful? < (@) a3,

and by the Sobolev and the diamagnetic inequalities,

2
Sl < [ [Vl < [ (9aul
RN RN

therefore
(2.4) [l < s t@p [ vl
Q RN
By (2.3) and (2.4) we have
(2.5) /V|u|2 > 702/ lul> > fCQS*m(Q)?/N/ |V aul?.
Q Q RN

Suppose now that the first conclusion does not hold. Then we can find a sequence
{un} such that |[usllgy@yy = 1 and fpx IVaun|? + Viug|?> — 0. Let ¢ := 1 —
caST ()N, then &> 0 according to (2.3), and by (2.2) and (2.5),

&/ |VAun|2+cl/ |un|2§/ |VAun|2+/V|un|2+/ V|un|* — 0.
RN Qe RN Q Qe

Hence |[[un|r2(qe) — 0 and [V aupll2 — 0. Since it follows from (2.4) that also
[un|L2() — O, the sequence {uy} tends to 0 in H} (RY) which is a contradiction.

P2. Choose ¢ > 0 such that inf  cgv V(2) > —c3+e(14¢3). By Proposition 2.4,
IV aull3 = cs|ull3, hence

/ (1= &)|Vaul> + (V — &)ful? > 0
]RN
and the conclusion follows. O

It is clear that the assumptions P1 and P2 are not necessary for o(—A 4 + V) to
be contained in (0, 400). However, they illustrate how A and V' can be chosen in
order to satisfy the hypotheses of Theorem 1.2. Note also that the first conclusion
of the lemma shows the quadratic form associated with —A 4+ V is positive definite
in H}(RY) which is more than we need.

We shall make repeated use of the following fact:

Lemma 2.6. Let A € L} (RN, RY) and suppose u,, — u in D}L{Q(RN). Then, up
to a subsequence, u, — u a.e. in RN and u, — u in L] (RN) for any q € [2,2%).

loc
The same conclusion holds if u, — u in H(RY).
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Proof. By the diamagnetic inequality the injection DL’Q(RN ) < L? (RY) is con-
tinuous, hence u,, — u in L*> (RN). Moreover, |u, — u| is bounded in DY2?(RY).
So passing to a subsequence, u,, — u a.e. and |u,, —u| — 0 in DL2(RY). It follows
from the Rellich-Kondrachov theorem that u, — u in L _(RY). The second part
of the lemma is proved similarly. O

3. THE CRITICAL CASE

Proof of Theorem 1.1. Necessary condition. We first prove that S is the Sobolev
constant. Indeed, by the Sobolev and the diamagnetic inequalities we have

S | VIl + VIu? _ o [V aul® + Viaf?

S < < )
[[ulI3- [[ulI3-
therefore S < S. Let
N—-2
N—2 £ 2
(3.1) Ue(@) =(N(N=2)) 7 | 5——3
% + |z

and uc(z) = ¥ (z)U:(x), where ¢ € C§°(RY,[0,1]), v» = 1 on B(0,1/2) and ¢ = 0
off B(0,1) (B(a,r) is the open ball of radius r centered at a). Then

(32) VU5 = [Vuell3 = SV + 0¥ 72) and fJue|f3. = SV/? + O(eY)
(see e.g. [W], p. 35). Since u. is bounded in L2 (RY) and u. — 0 a.e., uc — 0
in L2 (RN) as ¢ — 0. Therefore [ox V|uc|? = (V, |uc|?) — 0 as e — 0, where the

duality product is taken with respect to LY/?2(RN) and L? /2(RN). By the same
argument,

[ Al = AR ) = 0 s e 0.
RN

Let § > 0. Choosing € small enough we have
f]RN IV auel? + Vuc|? _ fRN [Vue|” + |Auc|? + V|uc|?

e 13- - [[ue

<S5+6

2
2*
(recall that u. is a real function), therefore S < S. Now assume that u is a minimizer
normalized by ||ulj2» = 1. Then

s:/ wﬂﬁ+vmﬁz/|vwﬁz/\vwfzs
RN RN RN

and it follows that |u(x)| = U.(z — a)/||Ue||2~ for some a € RV (that the minimizer
for ||Vul|3/||u|3. is unique up to translation and dilation can be seen e.g. from
the proof of Theorem 1.42 in [W]). In particular, |u| > 0 for all z and therefore
V = 0. Moreover, the inequality of Theorem 2.1 must be an equality a.e. So
by (2.1), the imaginary part of (Vu + ¢Au)a must be zero which is equivalent to
A = —Im (Vu/u). An easy computation shows that curl (Vu/u) = 0.

Sufficient condition. Assume that V = 0 and curl A = 0. Then A = Ve for
some @ € VVliCN(RN) according to [L] and it is easy to verify that u = U.e™% is a
minimizer for (1.2) for any € > 0. O

In order to study the compactness of minimizing sequences we adapt the concen-
tration-compactness technique of [W] (see Lemma 1.40 there) as follows:
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Lemma 3.1. Suppose N > 3 and A € L} (RYN,RN). Let {u,} C D*(RY) be a
sequence such that

(i) up — u in DY (RN)

(i) |Valun —u)]* = pin M(RY) (M(RYN) denotes the space of finite measures)
(ifi) |up —ul* — v in M(RN)

(iv) up — v a.e. in RV,
o : . 2 L . . 2%
Define pioo = leiohﬂsolipflflzﬁ’/w”"' and Voo = ngnoohgisogpf\f”\ZRWM .
Then
2/2* _
(1) ] < S lul
(2) v2* <5 e
. 2 2
(3) limsup |[Vaun||y = [[Vaully + [[p]] + 1o

o*
o IV + Voo
2/2° _

. 2%
(4) Tmsup|[u, |2 = [Ju

S7Y|ull, then u and v are concentrated at a

Moreover, if u = 0 and ||v|
single point.

The proof follows closely [W] once the results in Section 2 are taken into account.
A sketch of it is given in the Appendix.
Proof of Theorem 1.2. With no restriction assume that z = 0. Let d(x) :=
—>"A;(0)xz;. Then (A + V¥)(0) = 0 and by continuity |(A+ V) (z)]*> < < ¢
for all x| < §. Possibly choosing a smaller § we have V(z) < —c¢ for all |z| < 4.
Let U, be as in (3.1) and let v, () := ¥ (2)U. (x)e™”®), where 1) € C5°(RY, [0,1]),
Y(z) =1in B(0,/2) and ¢ (z) = 0 when |z| > §. Using (3.2) we obtain

/ Vavel? + Vv |* < / IV(@UL)[* + U2 VO + Af* — U2
RN RN

SS%—l—(c’—c)/ U2+ 0N
B(0,5/2)

and ||v]|3. = SW=2/2 £ O(eN). Tt is a standard result that for small ¢ > 0

Ce?|loge| if N =4
2>

/B(O’é/z) Ue 2 { Ce? if N >5,
where C' > 0 (cf. e.g. [W], p. 35), hence

Jox [V aul® + Vul?

3.3 G —
(3.3) ueDY (RN)\{0} ][5

<S.

Let {u,} be a minimizing sequence normalized by ||un|l2- = 1. Then, taking
a subsequence if necessary, u, — u in L? (RN). Since V= € LN/?(RY), we have
limy oo fon V7 lun|? = [on V7 |ul?, so by Fatou’s lemma,
(3.4) lim V0un|? > / Vul?
n—oo JpN RN
after passing to a subsequence. Therefore {u,} is bounded in D5*(RN) and we
may assume passing to a subsequence once more that (i)—(iv) of Lemma 3.1 are

satisfied (cf. Lemma 2.6 and [W], Lemma 1.39).
We complete the proof by showing that ||ul|2« = 1. We have

2
2%

lim IVaun|* + Vi|u,|> =8 =8 lim ||u,
n—oo JpN n— o0
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hence by (3) and (4) of Lemma 3.1,
Il il o Jima [ Vol = S(RlE o+ (] + )2
Therefore, using (3.4),

3+ I+ o)

) _
IV aully + [lul] + poo +/RN Vlul? < S(||ul

< S(|[ullZ + |lv][7*" + 22,

This and (1), (2) of Lemma 3.1 imply

3 +§|I ||+E

9 _
IV aully + [lpll + oo + /RN Vlu* < Sllul
Moreover, it follows from (3.3) that
IVaull3+ [ ViaP = Slul3.
RN

hence ||l + oo < Sl + 100, and since 5 < 5, l] = ioo = IVl = voo = 0.
Consequently, ||u||2« = 1 and w is a minimizer. Since o(—A4 + V) C (0, +00),

[V + VIl = el
RN
for some ¢ > 0, so u € HL(RM). O

4. PROOF OF THEOREM 1.3

Suppose A and B satisfy the asssumptions Al and A2. Then, for all z € ZV,
curl A(xz + z) — curl A(z) = B(z + z) — B(x) = 0; hence
(4.1) A(x + z) — A(z) = V. (x)
LoRN). In general A is not periodic, therefore the operator
V 4 is not translation invariant. However, in view of (4.1) we define a different
“translation” T : HY(RV) x ZN — HY(RN) by setting (T,u)(z) := u(zx + 2)e'?=().
Note that in general T%, ., # T.,Ts,, hence T is not a group action of Z~. That
the operator T is well-defined is a consequence of the following

Lemma 4.1. Let u € HY{(RY), z € ZV and v := T,u. Then v € HY(RY),
Jan IVav? = [on [Vaul? and Wl gy vy = l[ullgy wyy- In particular, for each

for some ¢, € H}

z € ZN the operator T, is an isometry.

Proof. Using (4.1), we have
Vav(z) =V (u(z + Z)ewz(m)) + iA(z)u(x + z)e'?=)
= (Vu(z + 2) +iA(z + 2)u(z + 2)) =),

therefore [on [Vav|? = [zn [Vaul?. Furthermore, [y [v(z)* = [on [u(z + 2)* =
Jan~ |u(x)]?; hence the conclusion. O

Let

(4.2) () = %/RN IV 4wl + V]ul? —/RN Flz, [ul).
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Although T is not a group action, we shall still say that J is invariant and J’
equivariant with respect to the action of ZV if J(T,u) = J(u) and J'(T.u) =
T.J'(u) for all z € ZN.

Lemma 4.2. J is invariant and J' is equivariant with respect to the action of Z.

Proof. The invariance of J follows from Lemma 4.1 and the periodicity of V' and
F. By this invariance,

(J'(u),v) = (J(Tou), T,v) = (T T (Tou),v).
Hence T Y J/(Tou) = J'(u) and J'(T,u) = T J' (u). O

Proof of Theorem 1.3. Let E := H4(RY). Since 0 ¢ o(—A4 + V), we can decom-
pose E into the direct sum of two subspaces E+ and E~ invariant with respect to
—A4 + V and such that the quadratic form [x [Vaul® 4+ Vl]u|? is positive (resp.
negative) definite on E* (resp. E~) (cf. [St], Section 8). Here we have used the
fact that V' is bounded and therefore the graph norm of | — A 4 4+ V + A|*/2, where
A > infpn V, is equivalent to the H (RY)-norm. Since the quadratic form above is
T.-invariant, then the subspaces E* are also T,-invariant. We have dim Et = 400
and dimE~ =0if o(—=A4 + V) C (0,400), dim E~ = +oo otherwise (the dimen-
sion must be infinite because T,E~ C E~ for all z € Z"). We may introduce a
more convenient equivalent norm in F in such a way that

[ e+ VIal? = | =

where ut € E* (if o(=A4 + V) C (0, +00), then E~ = {0} and u~ = 0).

If o(—A4 + V) C (0,+00), it is a standard procedure to check that the func-
tional J has a mountain pass geometry and that it admits a bounded Palais-Smale
sequence {un} at some positive level ¢ (a (PS).-sequence for short). If instead
o(—=Aa+V)N(—00,0) # (), then the functional has an infinite dimensional linking
geometry as described in [KS]. More precisely, Lemmas 1.3 and 1.4 of [KS] apply
here and they show that

(4.3) d:=inf{J(u):u € B(0,p)NE*} >0

if p > 0 is small enough and J(u) < 0 on M, where M = {u = u~ + sz :
u™ € E7, s >0, ||ul| <R}, 2 is a fixed element of ET N 9B(0,1) and R > p is
sufficiently large. Hence by Theorem 3.4 of [KS], J admits a (PS).-sequence {u}
for some ¢ > d > 0. Moreover, {u,} is bounded by the argument of Lemma 1.5 in
[KS]. The invariance of the functional with respect to T, makes the Palais-Smale
condition fail, nonetheless we can apply the concentration-compactness technique.
By Lemma 1.7 in [KS], either u,, — 0in E (up to a subsequence) which is impossible
because J(u,) — ¢ > 0, or there exists a sequence {z,} in Z¥ and 7,7 > 0 such
that [, |un(7)|?> > n. Let v, := T,, u,. By Lemma 4.2, {v,} is also a (PS).-
sequence, so (up to a subsequence again) v, — v in F and v, — v in L? (RY) (by
Lemma 2.6). Hence J'(v,) — J'(v) and v is a critical point of J; moreover, v # 0

because
[om@P=[ @z
B(0,r) B(zn,r)



THE SCHRODINGER EQUATION WITH MAGNETIC FIELD 11

5. PROOF OF THEOREM 1.4

Let J be as in (4.2) and let E, E* and E~ be as in the proof of Theorem 1.3.
It is clear that J is invariant with respect to the representation S of S! = R/27Z
given by Syu = e™’u and we have already seen that .J is invariant with respect to
the (non-group) representation T' of ZV. Note that SyT, = T,Sy and ES' = {u e
E : Syu =u} = {0} (in fact ST acts freely on E'\ {0}). Let Og1zn (u) := {SyTLu :
¥ € Stz € ZN}. Two solutions u, v of (1.1) are called geometrically distinct if
they belong to different orbits, i.e. if Og1yzn(u) # Ogiyzn (V).

Our argument is a straightforward adaptation of that in [AS], therefore we only
summarize the main steps and concentrate on pointing out the differences.

Suppose that (1.1) has only finitely many geometrically distinct solutions. De-
note the set of critical points of J by K. Since J(u) > 0 if w € K\ {0} (cf.
e.g. (4.1) in [KS]) and J|g- < 0, K;NE~ = {0}. Let C be a set consisting of
arbitrarily chosen representatives of the orbits Ogiyzn(u), u € Ky \ {0} and let
K :=05(C) ={Spu:9 €S, ueC}. Clearly, K is a compact set,

(5.1) K7\ {0} = Oz~ (K)
and if F := Pg+(K), then
(5.2) T, FNT.,F =0 whenever 21,2y € ZV, 21 # 2

(Pg+ is the orthogonal projection on ET; these conditions correspond to (9) and
(10) in [AS]). Clearly, J is even, K = —K and F = —F (in the language of
[AS], J is invariant with respect to the representation R of Zy = {—1,1} given by
R_1u = —u; moreover, EZ2 = {0} and R C S). From now on we consider J as an
even functional and disregard the S*'-invariance. Let

Us:=E~ & | J {u" € BT :d(u®, T.F) < 6},
2€ZN

where d(u, A) denotes the distance from u to the set A and let H be the class of
mappings f : E — E such that f is a homeomorphism, f(—u) = —f(u) for all u
and f(J¢) C J¢ for all ¢ > —1 (as usual, J¢ := {u € F : J(u) < ¢}). Taking a
smaller p in (4.3) if necessary we may assume that
5.3 inf J(u)>d.
( ) ueK j\{0} ( )
Lemma 5.1. Suppose J satisfies (5.1), (5.2) and ¢ > d, where d is as in (4.3),
and (5.3) is satisfied. For each 6 > 0 small enough there exists €9 > 0 such that
whenever 0 < & < €q, then there is a mapping f € H with f(JT¢\Us) C J=.

This is a variant of the deformation lemma which will be needed in the mini-
max procedure below. The argument is the same as in Lemma 5.3 in [AS]. The
proof requires two auxiliary results corresponding to Lemmas 5.1 and 5.2 there (the
translation by the elements of Z in [AS] should be replaced by the operators T,
z € ZV). An important role in obtaining a result which corresponds to Lemma 5.1
in [AS] is played by the fact that whenever |z,| — oo, then T, u — 0 for each
fixed u, and by the following lemma describing the behavior of the Palais-Smale
sequences:

Lemma 5.2. Suppose J satisfies the hypotheses of Theorem 1.4 and let {u,} be a
(PS)c-sequence. Then, up to a subsequence, either u, — 0 (and ¢ =0) or ¢ > d
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and there exist U1, ..., € K\ {0} and sequences {2} C ZN (1 < j < 1) such
that
!
un—ZTZjﬂj — 0, Hzfl—zﬁHHoo asn — oo and j # k
j=1

and

J(’l_l,j> =cC.

l
=1

J

This lemma is an adaptation to our case of a well-known result which may be
found e.g. in [CR, KS] (see also [AS]). The proof follows that of Proposition 4.2
in [KS] with one exception. We do not know whether v(z) — 0 as |z| — oo if
v € Ky \ {0}. However, v € L4(RY) for any q > 2. Indeed, we have

(5.4) —Auv+v=>1-V(z)v+g(z,|v))v € LQ*(RN) + LQ*/(”_U(RN)

(we assume N > 3, the case N = 2 being simpler). Hence, according to Corollary
B.13.3in [S], v € LT whenever

1 1<2 q 1 1<2
—— = — an —_— = _
2% q1 N q0 q1 N

(here qo := 172—*1) Since 2 < p < 2%, it is easy to see that we can choose q; > 2*.

Then the right-hand side of (5.4) is in L% (RY) + L%(RY), where ¢ :=
Bootstraping we obtain v € LI(RY) for any ¢ > 2*, and hence for any q > 2.

Now if v € K7\ {0}, then for each ¢ € (2,400) and € > 0 we can find a bounded
domain © such that [[v|| 1 gv\q) < &, fRN\Q F(z,|v]) < &, ||v]| 2@y < € and

p—1°

0| pagv\0) < € Since ¢ < +oo, we need to modify the estimate (4.20) in [KS].
More precisely, we must show that

(5.5) L@ﬂgquw+MXw+vy—maMMwuﬂSCﬁ,

where ¢ is independent of w and ¢ as long as ||w|| is uniformly bounded by some
constant ¢ and |l¢|| < 1. Let w := {z € RN : |u(z)| > o}, where g¢ is taken
from (A6). Since v € LY(RY), pu(w) < co. We may assume 2 = B(0, R) and it is
clear that p(w\ ) — 0 as R — oo. Using (A6), the Hélder, the Sobolev and the
diamagnetic inequalities and choosing ¢ such that 2% + % =1, we obtain

/ wumemw+w—mLWMM¢sé/‘ (L + [l ol |
RN\ (QUw) RN\(Q

Uw)
A —1
< Cllollz@mollellz + [wlls= vl Lo@v\e) @ll2r) < cre.
Moreover, by (A4) there exists C7 such that if wy := w \ , then

|9(z, [w + vl)(w +v) = g(z, [w])w| || < Cl/ ([o] + wl + [P~ + [wP =)ol

w1 w1

< Cru(@)* M ([lollze + lwllz-)lellzs + Crulw) (ol + Il 5 lell2-

Since p(wi) — 0 as R — oo, R may be chosen so that the right-hand side above is
less than €. Hence (5.5) holds with ¢y = ¢; + 1.
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Having our Lemma 5.2, the arguments of Lemmas 5.1 and 5.2 in [AS] go through
unchanged as does the argument of Lemma 5.3 there. This concludes the brief
summary of the proof of Lemma 5.1.

Let p > 0 in (4.3) be chosen in such a way that (5.3) holds and J[g( ,) > —1.
For A closed and symmetric (i.e. A =—A) we define

7"(4) = miny(£(4) N 85(0, p) N E7),

*

where v is Krasnoselskii’s genus (v* is a variant of Benci’s pseudoindex [B]). Let

di := inf sup J(u).
e s W)

Since J|op(0,p)nE+ > d, dx > d. Moreover, for each 0 > 0 we have

1 1
) < 5 [ = 5 [l [[* = e®) llull gy + 3 lullZ2n,

(cf. (1.7) in [KS]), hence J(u) — —o0 as ||u|| — oo, u € E;" & E~, where E}f C BT
and dim Elj = k. Therefore there exist sets of arbitrarily large pseudoindex (cf.
[AS], Lemma 4.6 or [KS], Lemma 4.8) and dj is defined for all ¥ > 1. Since
do := supy, J < oo, it follows from Lemma 5.1 that dx < dp for all k; consequently,
dr / d < dy. As~y(S') =2, it is easy to see that v(F) = 2 and (Us) = 2 provided
0 is small enough. Using Lemma 5.1 once more we obtain

ke <A (TBHE) Syt (TBEENUs) oy (Us) < 4 (TH0) + 2.

Therefore v*(J%~¢) > k — 2, s0 dy — & > dy_o and d — ¢ > d, a contradiction.
Hence there is no compact set K satisfying (5.1) and (5.2). This completes the
proof. More details may be found in the proof of Theorem 6.1 in [AS].

APPENDIX

The proof of Lemma 3.1 in the case A = 0 can be found in Willem’s book [W].
In the following we highlight the main points in the proof with nontrivial magnetic

potential.
Assume first that u = 0, then for all h € C§°(RY | R),

/ |VA(hun)|2:/ |hV Aty + u, Vh|? =

RN RN

/ |hVAun|2+|uth|2+2Re/ hinV aun - Vh— [ |2 dp
RN RN RN

2 (RY) according to Lemma 2.6. Moreover, by the Sobolev
and the diamagnetic inequalities,

\2/2
(/ |hun|2) <57 [ I9atua)P
RN RN
i 2/2*
(L) s (s
RN RN

and (1) of Lemma 3.1 follows.

because u,, — 0 in L?

therefore
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Let ¢p € C°(RY,[0,1]) be such that ¥g(x) =1 if || > R+ 1 and ¢g(z) =0

if |x| < R. Then
A\ 2/2"
(/ [ run|? ) < 5_1/ IV a4 (Yrun)|?
RN RN

and since u, — 0 in L?

vA (wRun) - vaAun + unvaa

(RN), Vipr has compact support and

we have
N\ 2/2
(A.1) lim sup </ [ Rtun|? ) < Sfllimsup/ IV atwn|” 0%,
n—oo RN n—oo RN

Following [W] we obtain

oo = lim ]jmsup/ |VA’u,n|2 1/)}2?,7 Voo = lim limsup/ |un|2 1235
R RN R RN

—00 n—oo —0 n—oo

and (2) of Lemma 3.1 follows from (A.1).

The proof that if HVHQ/Q* = S71||u||, then p and v are concentrated at a single
point is exactly the same as in [W].

We consider now the case when v # 0. Let v, := u, — u. Then v, — 0 in
DL2(RYN), so (1) is satisfied also if u # 0 because, as we already have shown, the
corresponding inequality holds for {v,,}. Furthermore,

1imsup/ |V a0, :Hmsup/ IV atin)? —/ |V aul?,
n—oo Jiz|>R n—oo Jiz[>R |z|>R

therefore
N 2
Hoo = lim hmsup/ [V avn|”,
R=o0 m—oo Jjz|2R

and using the Brézis-Lieb lemma as in [W],

Voo = Rlim lim sup/ [vn]

— 00 n—oo

So also (2) follows from the corresponding inequality for {v,}.
Let ©gr be as above and set h = 1 — 1g. Then we have

/ |VAun|2h:/ [V a(vn +u)*h
RN RN

=/ |VAvn|2h+|VAu|2h+2Re/
RN

R
—>/ hdu—s—/ |V aul® h.
RN RN

Using the Brézis-Lieb lemma as in [W] again we also have

/ |un|2*;H/ hdz/+/ luf?" .
RN RN RN

th’Un . VAU
N
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It follows that

lim sup / |vAun|2hmsup(/ VR |V au,|” + / (1¢R)|vAun|2)
n—oo RN n—oo RN RN

— lim sup < /R o |vAun|2> + /R (1w + /R (1w [Vaul?

and when R — oo we get, by Lebesgue’s dominated convergence theorem,

“msup/ |vAun|2:uoo+/ du+/ Vaul® = oo + [|ul] + ||V aul[3 -
RN RN RN

n—oo

This proves (3). The proof of (4) is similar.
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