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We examine the behaviour of a certain kind of transformation based kernel density estimator
(TKDE). The transformation is a Taylor series approximation to a smoothed empirical cumulative
distribution function computed from a pilot estimate. In this way a whole class of estimators is
introduced, with a different number of terms m in the Taylor series. The case m =1 corresponds to a
standard varying bandwidth estimator, while the case m = corresponds to a TKDE with the
smoothed empirical c.d.f. as transformation. We give an asymptotic expansion for any number of m.
When m =1, 2, the rate of convergence is the same as for an ordinary kernel density estimator using a
second order kernel, and when m =3 the rate of a fourth order kernel is obtained.

KEYWORDS: Bias reduction, higher order kernels, smoothed empirical distribution, Taylor series
approximations, transformation of data, variable bandwidths.

1. INTRODUCTION

Suppose that we have an independent sample X4, ..., X, from a density f. A

_popular method of estimating f is the kernel density estimator (KDE)

fam = om 3 k(25

where K is a symmetric kernel function that integrates to one. Let u;(K)=
J WK (u) du and define k as the smallest positive integer j with u;(K) 0. Then k
is referred to as the order of K. If fis k times continuously differentiable at x, the
bias of 7(x; k) is asymptotically equivalent to w,(K)f*(x)h*/k! (Parzen, 1962;
Bartlett, 1963; Singh, 1977, 1979). One way of reducing the bias is to use a higher
order kernel (k >2). However, it is easy to see that this forces K to take on
negative vaues. As a result, the density estimate f itself may take on negative
values. Even though the problem of negative values may be corrected (Gajek,
1986), the higher order KDE:s have a tendency to have an oscillating appearance,
which is undesirable from the practitioners point of view.

Another way of reducing the bias was introduced by Ruppert and Cline (1992)

* Supported by the Swedish Natural Science Research Council, contract F-DP 6689-300.
+ Partially supported by NSF Grant DMS-9002791.
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and further considered by Hossjer and Ruppert (1993a). Let g be a smooth and
increasing function. Transform the data to Y, =g(X;),i=1,...,n, and estimate
the transformed density

flyig) = f(g‘l(y))dg )

by means of a KDE

Fig w) = 3 K(27) 1.1)

with a second order kernel. Proceed by transforming back using change-of-
variables for probability density functions (p.d.f:s);

F(x;8 h) =Frlgx); 8 h)g'(x). (1.2)

Note that this automatically produces a bona fide density, that is

f(x;g,h)=0 and fw flx;g, h)ydx =1. (1.3)

(When using a higher order KDE, only the second relation in (1.3) is
guaranteed.) If g is non-stochastic, the asymptotic behaviour of f(x;g, k) can
easily be determined using standard methods for KDE:s. However, in order for
f(x;g, k) to have a small bias, it is crucial that g be close to F, the cumulative
distribution function (c.d.f.) of the data. (More precisely, the derivatives of g must
be close to those of F.)

Suppose g is chosen as a KDE of F, that is

8@ =Fi)= [ A, where fir) =)

for some bandwidth A,. Then the transformation depends on the data, and the
asymPtotlc analysis is significantly complicated. It turns out that fz(x) =
f(x; Fy, hz) has the same rate of convergence as a 4th order KDE (Ruppert and
Cline, 1992) when h; and h, are of the same order. A complete asymptotic
expansion for f(x; F,, h,) is obtained by Hossjer and Ruppert (1993a). In both of
these papers, further iterates of the TKDE are also considered, and it is shown
that the optimal rate of convergence is improved for each transformation
performed. However, in this paper we will confine ourselves to one
transformation.
We will investigate what happens when the transformation is chosen as

gy = Fin(x') i ’()(" —x)

(1.4)

a Taylor series approximation of Fy(-) — Fy(x) with m terms. (Actually, g depends
on x, but this will not be made explicit in the notation.) The motivation for this is
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twofold:

» To introduce a new class of density estimators (indexed by m) with bias
reduction, that are hybrids between well known estimators.

* An exact asymptotic expansion for m = « was given by Hdssjer and Ruppert
(1993a) by methods completely different than those used here. In this paper
we use similar techniques as in Ruppert and Cline (1992). We believe that
the expansions obtained here shed further light on the results in Hossjer and
Ruppert (1993a), by letting m — o« (cf. Remark 4).

If m =1 we obtain the local bandwidth KDE (cf. Jones (1991))

P B, hz)_?l(h 2) 3 K(ﬁ(x)(;cz X)) A .f%))

In fact, f(x; Fyq, ko) is essentially a nearest neighbour density estimator (cf. e.g.
Silverman, 1986, Section 5.2). Even though the Taylor series in (1.4) is not
necessarily convergent when m — », we may say formally that m = « corresponds
to the TKDE with g=F,. (The dens1ty estimate is unaffected by adding a
constant to the transformation g, so we may choose g(-)=F(-) as well as
g(") = F,(*) = Fi(x), the formal limit of (1.4) as m —.) By letting m =2, 3, .
we obtain a whole class of TKDE:s that can be viewed as hybrids between the
cases m =1 and m =,

There is one minor problem, however, that needs adjustment. When 1 <m <,
we have no guarantee that the transformation g is monotone. Assuming that K is
supported on [—1, 1], we define

0, g'(x)=0

Flx;g h)= g(x) — g(X)

g @y 3 K(EOZEE (- )= ), >0

(1.5)

as an estimate of f(x).* In this way, if g(X;) is close to g(x) for values of X; far
away from x, X; will not contribute to F(x;g, h). Since K is supported on [—1,1],
F(x;g8 h)=F(x;g, h) when g = F,;, whereas if g = F,, the two estimators of f(x)
are asymptotically equivalent.

In this paper we will give an asymptotic expansion of

Fom(x):=F(x; By, h2) (1.6)
form=1,2,.... One might expect that the asymptotic behaviour of f,,, gradually

approaches that of f,(x) as m increases. This is indeed so (see Remark 4). Quite
surprisingly, however, the leading terms in the asymptotic expansion are identical
for m =1 and m =2, so nothing is gained by just appending one new term in
(1.4). The rate of convergence is the same as for a KDE with a 2nd order kernel
when m =1, 2. For higher values of m the convergence rate changes abruptly to
that of a 4th order kernel. After that, when increasing m beyond 3 the rate of
convergence is unaffected. However, the exact form (but not the rate) of the
leading bias terms change until m =S5, but from then on it is unchanged. The

* Actually we may replace the factor 2 inside the indicator function in (1.5) by any other constant
exceeding 1. Likewise, if X is supported on [~ B, B], we may choose any constant greater than B.
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exact form of the stochastic term changes gradually, and it differs from the
leading stochastic term of f,(x) for all finite values of m.

Notice that the transformation F,(-) depends on x when 1=m <, as
opposed to the TKDE transformation . One might argue that this is a
computational drawback, since the transformation has to be recomputed at each
x. However, only F{(-),j=1,..., m have to be computed, so the computational
burden is not large for small values of m.

The paper is organized as follows. The regularity conditions and some notation
is introduced in Section 2, whereas the main result is given in Section 3, together
with some remarks. Finally, the more technical parts of the results are collected in
the appendix.

2. REGULARITY CONDITIONS AND SOME NOTATION

The following assumptions will be used in Sections 3-5:

. (Al) X;,..., X, is an i.i.d. sample with common density f, x is in the interior
of the support of f, f(x) >0, fis [ times differentiable in a neighbourhood
of x, | = I(m) (with m as defined in (1.4)) and I(1) =1(2) =2, I(3)=1(4) =
4 and I(m)=m—1 for m=5. If m)=m—1, f Y exists and is
bounded in a neighbourhood of x.

(A2) The kernel function K is non-negative, symmetric, supported on [—1, 1],
integrates to one and is m —1+ ¢ times continuously differentiable,
where ¢ is an arbitrarily small positive number.*

(A3) The bandwidths h; and A, depend on n, in such a way that h, = O(h,)
(but not necessarily k; = O(h,)), h;—0 and nh,—»® as n— x,

Let I(x, r) denote the closed real interval [x —r, x + r]. Introduce then the zero
mean stochastic processes

W, (e R, h) = (nh)'mél (K(’—‘-%) - Ei&(" ;X)) @1)

and

8(x) ~ g(Xi)

8 1x, - xi=2g'(r) )

W(xig, K0 = ()22 3 (R(

- E(k(ﬂﬁ)—;—g(ﬁyqx - x| sZg’(x)'%))) (2.2)

for any function K. The function K will always denote the actual kernel function

used in the definition of the TKDE whereas K may denote an arbitrary function.

Let

—_ h2
f)hy

*.For non-inte%er r=[r]+8,0<8<1, we say that K is r times continuously differentiable provided
lim,, e IKUP(u) = KED()1/it — 1) is a continuous function of ¢,

a = a(x) 2.3)
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The dependence of @ on x (and possibly also on #) will not be made explicit in
the notation. Let also

K,()=K(:/n)/n (2.4)
for any n>0.

3. THE MAIN RESULT

The main result may now be stated as follows:

TueoREM 1. Let x be a fixed real number. Given the regularity conditions
(A1)-(A3), the density estimators defined in (1.6) satisfy

Fom(x) = F(x) + b(x; by, ho) + (nhy) 7P W,(x; K, hy) + R(x), (3.1)
with .
. #z(K)f( )(x) _
b(x;hy, hy) = 2 fa)y —spl m=1,2 (3.2a)
_F 2, #a(K) fP%)  10fP0)f'(x) _
=b(x)hih} + 4 <f(x)“ 70 )h m=3 (3.2b)
2 BEOFOR)
=b(x)hih3 + == 24 fx )4h m=4 (3.2¢)
=b(x)h?h3, m=5, (3.2d)
o) = 220 (20 00 _ @) _[0)
4 fxy f&xy fex)* fx)?
= [_f(x) X (f F—l)(S)(u)|u=F(x)] * [MZ(K)/Z]Z’ (33)
_ (m=12) o2 .
R(t)=K, () - ;}1 o o (K)K@(2) (3.4)
and
R(x)=o0,(h}+ (nhy)™?), m=1,2 (3.5a)
=0,(h3 + (nhy)™"?), m=3. (3.5b)

Before proving the theorem, let us make some remarks:
Remark 1. For m =1, 2 we may express (3.1) in the following alternative way,

nh2 -

Bty = 1) + 228 oo )<f(x)) (7o) Tk 705)* R,

by using (2.3), (2.4) and (3.4). This corresponds to a KDE with bandwidth
h-z/f(x).
Remark 2. Since h, = O(h,) it follows that the leading bias term in (3.1) is O(h3)
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for m=1,2 and O(h%h3) for m=3. At a first glance, it looks like the main
stochastic term (nh) W, (x; K, hy) in (3.1) only depends on ;. However, it also
depends on h,, since K contains e in its definition. In fact, it follows from (2.3),
(2.4) and (3.4) that the main stochastic term is O, ((nhz)"’z) for all m. For
instance, for m =1,2, the main stochastic term (nhl)'”zW (; K, hy) equals

(nho/f ()™ W, (x; K, ha/f (x)).

Remark 3. Assume that h,=ch with ¢;>0, i=1,2 and h=n"? for some
0< B <1. Then

Fom(x) = f(x)= Oy (h* + (nh)™"%) for m=1,2
= 0,(h* + (nh)™'?) for m=3.
Hence, the optimal choice of B is

B=1/5 2 fnlr)-f(X)=0,(n™*), m=1,2
B=1/9 > fuml)=f(x)=0,(n™*), m=3.

Remark 4. The case m = was treated by Hossjer and Ruppert (1993a). A
ifif;ial case of Theorem 3.1 in that paper is that the expansion (3.1) holds for f,,
b(x; hy, hy) = b(x)hih3,

R@)=K@) + K, (t)— K * K (1),

and * denoting the convolution operator. If we make a formal Taylor expansion
of K around ¢ we obtain

) (- au)

K K, (1) = 2 f K (t-—s) K9(t)ds = 2 KOy | K(u)——=

_ 2 2j I-LZ[(K)
‘EOK( O

which leads to

R =K, (1) - le%)_' QK@ ().

Hence, we see that the leading bias term for fz is the same as for fz,,, when m =5
and that the kernel is the formal asymptotic limit of (3.4).

Proof of Theorem 1. To use the methods of Ruppert and Cline (1992), we define
the following class of transformations:

%, = {g; g is an mth order polynomial with g(x) =0, g'(x) =0 and
lg®x) = FE¢ V) =c, +c; (nhy) PRT* D k=1,2,... ,m}, (3.6)
where ¢, —» 0 as n— o, so slowly that

¢, >> max(w(x; hy), hi?, (nhy) ™), @7
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with
w,(x; h):= sup IFO@") = O,
x'el(x:h

and [ = [(m) is defined in (A.1). The class ¥, actually depends on x, but this will
not be made explicit in the notation.

We will tacitly assume that any function g mentioned in the proof belongs to
%,. Suppose that n is so large that (A.4) and (A.5) in the appendix hold. Then
(A.4) implies that we can define a local inverse of each g € 4,. Let

_ &)
g€ ()’

Because of (A.6) we may also assume that g'(x)>0 for each g € 9,,. Then by the

definition of W, in (2.2) and a change of variables n = g(x')/h, we have

r(y;8) y € [—ha, k). (3.8)

Faigh =52 [ K(E)10x - 122/ 0) half )
+ (nhy) "¢ (x)Wo(x; 8, K, hy)
=@ [ Ki(nhsi)dn + (ahe) 2 () Wo(ei, K, o). (39)

From now on, we will consider different values of m separately.

m=1,2

‘We may expand (3.9) as follows:

f(xs g, h2) =f(x) + b(x; hl} h2) + (nhl)_l/zwn(x; Kcu hl) + i Rk(x; g)! (310)
with b defined in (3.2)
1 1gm) j
Rs59) =g | K)(fnhio) - 3 199 T Jan, @)

Ry(x; g) = 8' (x)(nhy) "2 Wo(x; 8, K, hy) — (nhy) " ?W,(x; Ko, by),  (3.12)
and

Ri(x;g8) = g’(x)<fy(0; g)+ H‘z-g{—)f(yz’(o; g)’t%) — (f(x) + b(x; hy, hy)). (3.13)

By using (3.8) and the identity
fP) _3f'@)g®6) _fx)e®&) | 3f (x)g@(x)*
g'(xy g'(x)* g'(x)* g'xy '
it is possible to simplify (3.13) to
o ym=1 (FP@) _fP@)N paK) |,

R0 (i) 2 2
ne (90 _fO@) |, 38P0) (F0EPE) _ o, 1)) #2K) s
(L5 o Cr @) s

(3.14)

20, 8) =
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By standard results for KDEs (cf. the proof of Lemma A.1),

Rs(x; Fi) ™5 O, (i) = f(x))h3 = 0, (h) (3.152)

™22 0,(1F 1x) = FOO + P00 (F10x) — £/ + 1P (o) L) — F ()R

= 0,(h} + (nhy)™"?). (3.15b)

The theorem for m=1,2 now follows from (3.10), (3.15), Lemma A.l and
Lemma A.3-A4.

m=3,4,5
It follows from (3.9) that

Fx38 ha) = F(x) + b(x; by, o) + (nha) PW,(x; K, by) + i Ri(x;8), (3.16)

with b, K, R, and R, defined in (3.2), (3.4), (3.11) and (3.12) respectively,

#-2( )

Ri(xig) = 8 )( (03 8) + L2190 0)03)

— (f(x) + b(x)nin3) — “—2;—) aX(nhy) "W, (x; K@, ) (3.17)

and
R )= 2B g r g - (LB - gy
=g e - L) (3180
=8 1 g s - LTI ED ). 10

Inserting (3.3) and (3.14) into (3.17) yields
: #2(K) o (80— f‘”(x) #z(K)f“’(x)
Rtsie) =2 (- =005 2 FGp
(nhl)”mhi W, (x; K9, hl))

Fay
(3)
+(C e w-so) -

3g(x)
(e

1K) FOER
2 ) #)
0T W),
2y

D) - ') -
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3y k)3 PO
+ (- Xt ) - + T )

4
= 2 R (x; 8).
k=1

Since f is 4 times continuously differentiable around x we have (cf. (A.2))

Mz( )

FOx) = fO@) +EZ=2 fUDIR2 + (nhy) 2R W,(x; KO, hy) + o(h2),

j=0,1,2
By using (3.19) one finds after some calculations that
IR3k(x; Fim)l = 0,(h3 + (nhy)™?), k=1,2,3,4.
We now turn our attention to R,. We will need the expansion
) _10fP)g@x)  10fPx)gP(x)
g'(x)’ g'(x)° g'(x)°
LA D0P 5P ) | 60 (x)gP(x)g¥x)
g'(xy g'(x) g'(x)’
105/ (@), 107(x)g V) |, 157 (g P (x)g )
/(x)s r(x)7 r(x)7
_105£(x)e®(x)’gV(x)  105f(x)g®(x)* _f (x)g¥x)
g'(x)* g'(xy g'(x)°

fP0;8) =

Let

Fn(x') = i F(].)(x)(x;x)".

It follows then from (3.21) that

, m=s () 10fO)f'(x)
Ao = —
Flm(x)fY (O’ Flm) f(x)4 f(x)s

m==4f(4)(x)
f&)*

=20,

In order to prove that
IR 4(x; F,n)| = Op(h; + (nhy) ™)

it thus suffices to establish
Fin)f$20; Fim) = Fim(x)f$(0; Fim)
"4 0,(1+ (nh)"?h3*)

"E F () (nhy) TP WL (6 K, By + 0,(1 + (nhy) T3 ?).

173
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(3.232)
(3.23b)
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But formula (3.23) follows, after some computation, from (3.19), (3.21) and the
identity

PO = £O0) + (ko) W KO, ) +0(1), j=3,4

Now the theorem follows for m=3,4,5 from (3.14), Lemma A.l, Lemma
A.3-A.4, (3.20) and (3.22).

mz=6

The theorem may be proved similarly for higher values of m. For instance, when
m =6 (3.16) still holds, with the same remainder terms. Notice however, since
1(6) =5, Ry(x;g) in (3.11) is different compared to m =3,4,5. When m =7, we
have to add

Rs(x;8) = %Zhg(f@(o; g) = f(x)~8(nhy) PRI W (x; K©, hy)),

to the sum on the RHS of (3.16). [J

APPENDIX

Throughout the appendix, x is a fixed number, whereas x’ varies in a
neighbourhood of x. The following lemma states that the data-based transforma-
tion stays within 4, with probability tending to 1.

LeEmMMA A.l. Let F,, be the transformation defined in (1.4). Then,
P(F,,e%,)>1 asnow, (A1)

Proof. Since I(m)=m —1, we have for k=1,...,m,

1
PR =770 = [ Kfe(c + k) dn
-1
+ (1) hi ETOW, (s K, hy). (A2)
Hence, because of (3.7),

FE0) = FO(x) = 0,((nhy)™ ki )

+ [ K2+ o) =400 an
= p(C;l(nhl)’llzhl_(k_l)) + O(Cn)' n (A3)

Lemma A.2. For large enough n, each g € 4, is strictly monotone increasing in a
local neighbourhood of x and has a local inverse on [—hs,, h,]. More precisely:

g is strictly monotone on the interval
(x ~ 2 max(g'(x)™", f(x))ha, x + 2 max(g'(x) 7, f(x)h] (A4)
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and

g(x")> h, for x + 2 min(g'(x) 7%, f(x) A,
<x'<x+2max(g'(x)7}, f(x)"Hh,

§(x") < —ha for x ~ 2max(g'(x) ™, F(x) ks (A-3)
<x'<x-2min(g'(x)7?, f(x) Dk,
Proof. By definition of %, and (3.7),
lim sup |g'(x) —f(x)|=0. (A.6)
n—ox ge%,

We may therefore assume that » is so large that
Y)<g'(x)<if(x), Vge 4,
Hence it suffices to show that for all g € 4, and n large enough

g is strictly monotone on [x — 3f(x) " Ay, x + 3f(x) Ay =1, (A7)

and
{g(x’) >h, when x + 3f(x) Thy <x' <x +3f(x)"'h, (A8)
g(x") < —h, when x — 3f(x) th, <x' <x — 3f(x) " 'h,. '
Suppose we can show that
lim sup |g’(x") —f(x)| =0. (A9)
n—»x ge%,

x'el,

Then (A.7) follows from (A.9) since f(x)>0. Even (A.8) follows from (A.9)
since the latter equation implies that

inf g'(x")>%f(x),
ge%,

’
x'el,

provided » is large enough. Thus, it remains to prove (A.9). According to (A.1),
there exists a neighbourhood U, of x and number f, <o such that [f**~Y] is
bounded by f,, on U,. Therefore, if n is so large that I, is contained in U,, the
following holds uniformly for any x’ € I, and g € 4,,;

m 5 | G1)
()~ F S UG = £ + 2 ) = F06x) %'_
_ tx’ _xl(m—l)
RATEn

Gf () "haY ™

G=1)! +0(1)

=o(1)+ i (¢, + 7 Hnhy) " Y2R~0D)
=0(1) + O(c, + ¢; }(nhy))" 1) = 0(1),

since h, = O(h,) for allm. O
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LemMma A.3. Let Ri(x;g) be defined as in (3.11). Then

o(h3+ (nhy))™®), m=1,2
O(hg + (nh2)_1/2)’ m=3.
Proof. By the definition of R,(x;g), it suffices to show that
o(1+ h3""(nhy)~?), 1=m=5
o(h3™H™) + hT1M(nhy) "), m=S.

sup IRy(x; ) = | (A10)
ge¥,

sup [£47(y; ) = F™(0; ) = |
geY,

1yishy

(A.11)

We confine ourselves to m =5. The lemma may be proved similarly for other
values of m. Formula (A.11) then reduces to

sup IFP(y; 8) = £(0; )l = o(1 + h3*(nh;)™*?). (A.12)

1YI=h,

By (3.21) we may write

2100/ () 8)f V(g1 (»)

g'@™'(y)y ’
where Q, is a polynomial in g, g®,..., g% Let J,=[x—2f(x)""hy, x +
2f(x)"'h,). From the definition of %, we obtain by Taylor expanding g around x
that

fOy;8) = (A.13)

Sup @) = 01 + c; (nhy) PR %), k=1,2,3,4, (A.14)

ge%
and
4+t ~1/2p, —(k=1) —
sup [g®(x") ~ g®(x)| ={0(h2 ¢ (nhy)" "R, k=123 (A.15)
x'el, O, k=4
g=%
We also have
sup [fOR)=0(1), k=1,234, (A.16)
PRy
and
sup | FEEN) - fP%) =o(c,), k=1,2,3,4. (A.17)
geq

We see from (3.21) that Q;(x'; g) is a linear combination of terms of the form

P(r'ig) = [1 ()™, (A.18)
k=1
where ‘

5=
Y (k=1)B=4-j, j=0,1,2,34. (A.19)
k=1

By expanding f$(y; g) — £$°(0; g), making use of (A.13), one sees that formula
(A.12) will follow from (A.S5), (A.9) and (A.14)-(A.17), if we also show that
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each function P of the form (A.18) satisfies

sup [P(x")|= O(1 + c; Y (nhy) %5 *) (A.20)
x'ely
ge%
and
sup [P(x') — P(x)| = o(1 + h3*(nhy)~*?). (A.21)
x'el,
ge%

Hence, it remains to prove (A.20)-(A.21). Starting with (A.20), we see from
(A.14) and (A.19) that

Elad
sup 1P(:) = O( [T (1 + ¢ (uh) 2 602
x'eldy k=1
ge%

= O(1+c;'(nhy)"?h “77),

since ¢, > (nh,)""%. This and the relation h, = O(h,;) implies (A.20) for j=
0, 1,2, 3,4 Formula (A.21) may be proved in a similar, but more complicated
way. O

LEmMa A.4. Let Ry(x; g) be defined as in (3.12). Then
sup [R2(x; 8)| = 0,((nh2)™*?). (A.22)

Proof. The proof, which makes use of some multiparameter stochastic process
results in Bickel and Wichura (1971), can be found in Hossjer and Ruppert
(1993b). O
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