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straints in several areas. Unfortunatcly, these estimates may not
yield unimodal densities. This correspondence presents a method for
transforming the estimation problem in the case of unimodal density
estimation. The transformed problem is then solved by information-
theoretic methods and transformed back to obtain a unimodal density
estimate. Other qualitative characleristics of the desired density such
as smoothness near the mode can also be incorporated into this
unimodal information-theoretic density estimation technique.
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On-Line Density Estimators with High Efficiency

Ola Hossjer and Ulla Holst

Abstract— We present on-line procedures for cstimating density func-
tions and their derivatives. At each step, A/ terms are updated. By
increasing A7 the efficiency compared to the traditional off-line kernel
density estimator tends to one. Already for \{ = 2, it exceeds 99.1% for
kernel orders and derivatives of practical interest.

Index Terms— Asymptotic mean-squared error, efficiency, kernel den-
sity estimator, on-line bandwidth selection, on-line density estimator,
recursive density estimator.

1. INTRODUCTION

Let X,.---.X, denote a sequence of independent and idcntically
distributed (i.i.d.) random variables with unknown density f. A
frequently used estimator of f(x) is the off-line kernel density
estimator

n

- 1 _ g, \’,‘
Lopld) = — }n
forLa(u) ";l 1\( ™ )

with I\” a kernel function that integrates to one, and {h.. } a sequence
of bandwidths, cf. the books by Silverman [14] or Scott [13]. A
drawback of fu F1..o () is that it requires O (n) operations to update
for each new observation. @n the other hand, the estimator

- I~ (=X,
frRERK () = N Z]:h, K <T> (2)
may be computed recursively by means of the simple formula

n—1
n

fren o(x)=

f:ff.‘;‘l\.n—l(-l‘)‘fillzlll{(gl)‘ 3)
n hy,

Recursive density estimators for the i.i.d. case were introduced by
Wolverton and Wagner [17] and Yamato [18] and further treated by
Wegman and Davies [16]. The properties of these estimators under
different conditions of dependence are studied by, e.g.. Masry [10],
[11] and Tran [15].

Manuscript received January 30, 1994: revised August 26, 1994. The
research of one of the authors (U. Holst) was supported by the Swedish
Natural Science Research Council under Grant 9365-305.

The authors are with the Bepartment of Mathematical Statistics, Lund
Institute of Technology, S-221 00 Lund, Sweden.

TEEE Log Number 9410530.

0018-9448/95$04.00 © 1995 IEEE



&30

There are a lot of connected real-time situations where rapid com-
putation of efficient density function estimates are of great interest,
e.g., recursivce quantile estimation. cf. Holst [4], |5], recursive robust
estimation. ct. Englund, Holst, and Ruppert [1], pattcrn recognition
and classitication, scc papers by Krzyzak and Pawlak [7], [8].

Recently, Hall and Patil [3] defined on-line estimators to be those
that can be updated in () (1) operations for each new observation.
According to (3), f'm;/\ » () 1s a member of this class. If the
sequence of bandwidths are chosen optimally (for estimating f(.»)
under squared error loss) in both (1) and (2), Hall and Patil show
that the limiting relative efficiency of Frr () with respect te
fm Lo () ds

LREU frera(eih A forn (o)

s , 5 5/4
i B0 () = f1) ) — 0,005

- (”_" E(frenale) = fla))?

for second-order kernels. (The exponent 5/4 takes into account the
convergence rate 1 "/ for the risks, ¢f., e.g.. Lehmann [9, ch. 5.2].)

‘this loss of efficiency can be regarded as thc price that has to be
paid for having a rccursive estimator. Hall and Patil also construct
other on-line estimators with limiting relative efficiency arbitrarily
close to (0.9536)*" = 0.0448 for second-order kemels. In the
present corrcspondence, we propose a new on-line estimator which
has a higher relative efficiency.

IT. DEFINITION OF THE ESTIMATORS

For the development of this section, assume that a particular
sequence of bandwidths h,.---.h, is given. Comparing (1) and
(2) we see that fi;zn () uses all bandwidths h,.---.h, once,
whereas fhom_ » () only uses i, (n times). The higher efficiency
of fm-']__,,(.r) stems from the fact that it is a sum of identically
distributed terms. The estimators we will construct below havc the
intermediate property that . b, —y.--- .l [, vr41 are used M
times cach. The terms of this estimator are “more similar” than those
of frrrn ).

Define a class of density estimators by

”:1(1)1‘(_‘1.‘ '\'>
n hr,,(l)

where T,, is a transformation from the set {1.---.n} into itself. This
class contains as special cases fren.» in (1) (7, (/) = i) and fori.n
in (2) (7..(/) = n). Suppose now that 7, is replaced by 7, o 7, ',
where 7, is an arbitrary permutation of {1.---.n}. The estimator
in (4) is then changed to

1 - —1 S~ ‘ernil)
m Z o o) h (——

p I i)

n

. 1
fn(‘l') = ; Z

=1

4)

(5

and, since the sequence of observations { .Y} is i.i.d., the distribution
of f',, is unaffected. In other words, the distribution of f,, is
determined by the number of times each bandwidth h; is uscd. The
discrete probability measure
Pn = z (",,7(,)/71
=1

contains all this information, with &, denoting the Dirac measure at
¢. We will construct an on-line estimator with

M/n, itn—[n/M]+1<i<n

Pri = n =/ /0. ifi=n—[n/M]
0. otherwise

(6)

with )M a positive integer and p,; the relative frequency of the
number of times /; is used. Note that M/ = 1 corresponds to fr.: 1 .n
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and M = n to f()m . (even though 3 iy considered fixed in the
sequel).
A transformation that yiclds a distribution p,, of the form (6) is

(7)

If 7, is inserted into (4), the resulting estimator f, demands () (n)
calculations per data value. However, there exists a permutation w,
such that r, o x;;' produces an on-line estimator f\/_,,. We will
construct {r,} from an array 7 as follows: Assume [(i) = i for
1 </ < M Ifn> )M, the length of [is t, = M(n — M +1).
The permutation ,, will be picked from the last » elements of /. In
other words, introduce a bottom indicator

by, =t, —n=1{M—1)n—21)

win—=n—[i/M. i=0.---.n-1.

and put
(8)

This means that M new cells arc concatenated to I each time a new
observation arrives, since t,, — t,,— +1I. The concatenated elements
of I are detined by putting the contents of (I(b,,— +1).---.1(b,))
into (I(t,—+1).---.I(t, — 1)) and letting I(#,) = n. In this way,
it is easy to see by induction over n that 7, defines a permutation.
It remains to establish that this construction produces an on-line
estimator. Notice that (7) and (8) imply 7, (/) = 7, (i+ 3 —1) and
Wi+ =1)fori=1.---.n =23 In other words. the
n — M pairs {(7a—({}.7@a—1 () ¢ = M.---.n — 1} are identical
to {(7 (). 70 (i)): i =1.--<.n— M}. Therefore, only M —1 tcrms
of f._, in (5) have to be changed when f. is computed. The array
I is actually virtual in our construction. Instead, we need to store
the data. and I determines in which order to store them. Therefore,
define the array ¥ = (X1). X(2).--+], with X (/) = X/(,). which
contains all the data. Combining (5), (7). and (8), we see that the
resulting estimator takes the form
-"—Xl(n,,+:,|
]’r‘lt‘u )

LA
" Z hr,,ml‘ (
=1
" A= X(hy + 1)
lz,,f'(l'[\('_ﬂ)
nwi h

]

[
—1
" Z h[[ Vi M —ndi—1)/M]

=1
Nan+21 ws— /a0
We are now ready to formulate a recursive scheme for {f\/.“ }:
I Starting up (1 < n < 1)

i=1.---.n.

ma i) =1, + 7).

T, i) = m,

Forate) =

Il

D X=X, i=1.-.M
2) farne) = forna(e)
3) by = 0.ty = M.

II Induction step (n > 1)
1) Updating X:

= X(h,— ). 1=
A\-(f”~1+l‘):{‘\\-('” L +¢) i

I
—
=

2) Updating f:

N ) n—1; .
fante)="——Fun-ilr)
n

= B

o= X(booi+i)
- h[t ‘.[71*71*1]/‘11]1‘ (1 Lo l)>
no—= " ‘ horo—wynan

M = .

1 i, e =X+ )
= E b, K| ——————— ).
+ n = K \< h, )

(10)
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3) Updating b and t

by =bn_1+M—-1 t, =t,—1+ M.

This means that M new cells of X are given a value in (9) for
each new data value, and M terms are updated in (10). The algorithm
requires storage of X (b, + 1).---. X (t,), which is of size O (n).
On the contrary, fuL‘K‘n(r) requires only O (1) storage. Hence, the
price for increased efficiency is enlarged memory. To our knowledge.
there is no proposed on-line estimator with O (1) storage and higher
efficiency than fREK alx).

III. Risk EFFICIENCY
In this section, we will investigate the asymptotic (integrated)
mean-squared error for f}jj’n as an estimate of f(*), where s is an
arbitrary nonnegative integer, and compare it to the off-line estimator

F(s)
OFL.n-

For this we first need some preliminaries. Define

/92(1111111

R(y) =
for any function g and
1)(1\'):/u11\'(11)d11.

By definition, yo(A") = 1. Define the order of the kernel as the
smallest positive integer r such that 4, (') # 0. We will also make
the following assumptions:

i) The density f is r 4+ s times continuously differentiable at
x. (If integratcd mean-squared crror is of concern we require f to
be r + s times continuously differentiable on the whole line and
RifU=9)) < =)

ii) The kernel A" satisfics

/\ul' [N (ui|du < x

and is s times differentiable with R(A™) < x.

The compact support in ii) can be weakened, but then some extra
conditions on f have to be imposed. We have the following result:

Theorem 1: Suppose conditions i) and ii) hold, that the kernel A\
is of order r and that h n= = ¢n /22D with ¢ chosen optimally
for both fU , and fon . (that is, two separate values of ). The
limiting risk efficiency of { £’} with respect to {fm-, ., } is then
given by

LREGSG VA5

5 (2r+2s+1)/(27)
E(f5h, )= £
= | lim -
== (7 l’—f“
= (M)” Z‘H‘/(lr)‘rg(JI)f1 (1
where
2r+ 2541 2 2 1 rt2s41 2
M) = | ————— ] M7 (1-(1- FF2STI
0 <r+2s+1> ( =7 *)
and
Sy = ARl L
2r 4 45 42

831

Proof The first equality in (11) is a special case of [ehmann
[9, ch. 5, Theorem 2.3], given the fact that the convergence rate is
=27/ (2r+2s+1) \yhen the bandwidths are chosen as above. It remains
to compare thec mean-square errors to verify the second line in (11).
The bias
— 7

byale) = E(F3 (o)

has the asymptotic expansion

lintale )2 ~([1<meh ) (12)

with p,i as in (6), di = (u(I)fUT(e)/r)?, and 4, ~ B,
meaning that 4,,/B, — 1 as n — x. Viewing the sum in (12) as
a Riemann sum, we obtain

[

n

rF .
2 g2 /(20 +28—1)
bapnle)” ~dic — Z J
J=n—[n/21]
. _ 27
~dlcz’7,1(_\[)71 12571,

Similarly, the variance
varnle) = Var (£17, ()

has the asymptotic expansion

n

—1 (2s5+1

vara(c) ~ dan E puih, )
=1

2
—(Zet), T

~ dac 2(M)n
with

dy = f(.z‘)/[x'(“)(u)2 du.

(If integrated mean-squared error is the risk criterion, we simply
modify d; and d» by integrating with respect to . over the real
line.) Combining the last two displays. it follows that

2 °
inf E(F7 0 = £ ) = inf (b (0 + vara(o)

~ Clros. Mn " TF95FT (13)
where
2 *»,-> 1 )]+75+1 )5)1 -
(rg. ] _ ].r+ jﬂrl r+‘ 1
Clr.e. ) <25+1> 25+ 1
(\[) r+1-<+1 2 (J[}:rj:rsﬂ .
The minumum is attained for
1/(2r+2s+1)
. (25 + 1)7 >(\[)d . (14)
2r=y (\I dy

In a similar way, one finds (this may be deduced from, e.g., Prakasa
Rao {12, pp. 44]) that

2r
. 2 2p T3 ¥zs+1
_ s ~
! (‘l]) 25+ 1)
+1

2241
26 +1

inf (*cs)ﬂ »
31>10E forp.n(x)

ST T - on
JTERT T, e

(15)

Combining (13) and (15), we obtain (11). | |



TABLE 1
LiviTiNG Risk EFFICIENCIES LRE ( {f” w}- {foFL W H

Derivative s

0 1 2
r=2 M =1 0.92952 0.86240 0.82990
AN =2 0.99765 0.99405 0.99164
M =3 0.99918 0.99792 0.99707
r=+4 M =1 0.95927 0.90681 0.87439
M =2 0.99879 0.99661 0.99482
M =3 0.99958 0.99882 0.99819
r=6 M =] 0.97135 0.92952 0.90038
M =2 0.99919 0.99765 0.99628
M =3 0.99972 0.99918 0.99871

Table I contains values of LRE for 1/ = 1. 2.3 and various values
of r and s. Alrcady for M/ = 2, the LRE excceds 99.1% in all cases.

IV. BANDWIDTH SELECTION

Another important issue is bandwidth selection. The infimum in
(13) is attained for a value of ¢ that depends on f, so in reality
the optimal bandwidth is unknown. Hall and Patil have shown how
to estimate the optimal bandwidth from the data on-line. Their
handwidth selector could also be used for f-/ .., since the expression
for the optimal bandwidth is essentially the same.

More precisely, recall that the minimum in (13) is attained for a
¢ given by (14). The optimal bandwidth is easiest to estimate when
the risk criterion is integrated mean-squared error. Then

di = (k) /f“*"(.r)‘fd(l-/(r!)'ﬂ

/Ku)( @) du.

The only unknown quantity in (14) is
B(f(r+:}] — /f(er-)(J,)z du

regardless of /. Hall and Patil construct an on-line estimator of
R(f). A generalization of their estimator to arbitrary r and s
takes the form

-1
R,=(-1)*"m™! (n - %(m + 1))

z Z ]_),_)~_1I(),-).)(X IJXJ7,>

r=1 j=il

and

(12 =

provided n > m + 1, where m is a fixed positive integer, Iv; is
a kernel of order ri, and {/,} is a new sequence of bandwidths.
(For n < m we may, for instance, take R, an arbitrary constant.)
The cstimator R, is constructed so that it can be computed from
IR, —1 in O(1) steps. To justify that R,, is a reasonable estimator of
R, notice that

R(}.(,.+,,J) _ (_1},-—.~E(f(2,~+2~)(_\v))
which follows from inlegralion by parts. Then notice that

? — [2r+‘)
R, =" ”_1 Zf,,,

=2

where
(i—1)Am ~
N n—1 1 .. =X,
)= — . {71 JREELF Rkl B
st n—={(m+1)/2 m ; ! “( I, )
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When j > m, this expression is asymptotically equivalent to

el IRy (m‘\f")
m l,

as n tends to infinity. Hall and Marron [2] and Jones and Sheather
[6] consider the problem of estimating integrated squared density
derivatives in more detail.

Suppose now that

i') the first r 4+ s 4 r, derivatives of f are bounded, continuous,
and integrable.

iii)The kemel Iv') is 2r + 2s times differentiable, with

/|u\"LK?'V“)(‘U)MU < x

and H(f\'fz'*%)) < .
Then

ER, — R(f"*y ~ pi, (K1) /f"*"’(.x-)f"*"“’(.rjd.p
.Zl:‘/(u(/‘l)!)
and

Va]_([‘,") ~ R([X’:EWW}ZS})R(f)zl;(1r+‘ls+l]/(”l”z).

Notice that the leading bias term of R, vanishes when »; is odd.
. /02 a4 .

Choosing 1, = ¢1j~"/®" 1474441 for some lixed constant ¢1 > 0

gives the optimal rate of convergence (when i is even)

R, - R(f"*) =0, (n*"l/‘”-"‘l+4"+4*‘+1>).

Now define ¢; by (14), except that R{ f'""*})
in the definition of ¢, and let

is replaced by R},

hoi = ex l(Mu+ M — 0 40— 1)/A)7H/Cmr2erh

with 7 (¢) defined in (8). We may now define a “plug-in” version
of firw as
-X
—1 70 .
Fanl hy KN ——————=|. (16)
()

Observe that when h, = cn ™"/ 2550 1 (1) is defined by
replacing « with ¢, (;y in the ith term of the definition of f_\y_,,
If follows from the above considerations that j;';_/.n is an on-line
estimator, provided we storc the numbers ¢;.j = 1.---.n

Theorem 2: Given i'). ii), and iii), the on-line, plug-in kernel
density estimator fi7., () defined in (16) is asymptotically normal
in the scnsc that

(Frrmla) = brniel)//erale)
converges in distribution to the standard normal distribution as
n — >, where ba; . (¢) and vy;.,(c) are the bias and variancc for
Farnle) when fi, = cn™ V20221 and ¢ is defined in (14), with
dy = (R ROFUT )

and d = R(K™).
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Proof: Observe that fA\j‘n (x) may be written as

) IR S or-x
Frrnle) = ~ Zlhml(zv" (h_“_)

now )

an

By definition

= (M4 M=+ )Tzt

Xioa.

-

oy ) = 1)/M]

)

so it depends only on X|.--- Let

Uui = K (o= Xy o) Iy oo

be the ith term in (17) and denote w,.; = E(Un. z|\' Xe-1)
and V,,; = U, , — un... Note that {15, ;} are marungale differences.
As in 3, Appendix (i1)]) one shows that

Zkun ;= biralc)) = 0.

=1

n.r,

VUM n

Further, using a Martingale central limit theorem, it follows that

an, 4 N(0.1). n

=1

VUl n
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On the Relation Between Filter Maps and
Correction Factors in Likelihood Ratios

Ravi R. Mazumdar, Senior Member, IEEE,
and Arunabha Bagchi, Senior Member, IEEE

Abstract— The robust form of the likelihood ratio for a signal in the
presence of white noise has an additional term in the exponent called
the correction factor which corresponds to the trace of the conditional
covariance of the signal given the observations. In this correspondence we
show that this correction term is nothing but the trace of the symmetrized
Fréchet derivative of the nonlinear filter map and hence the likelihood
ratio can be completely represented in terms of the observations and the
filter map.

Index Terms— Likelihood ratios, nonlinear filters, correction factors,
white noise, Fréchet derivatives.

1. INTRODUCTION

In this correspondence we show the relationship between the so-
called “correction factors” associated with the robust form of the
likelihood ratio for random signals in white noise and the nonlinear
filter map associated with the filtering problem. In particular, we
show that the correction term is the trace of the symmetrized Fréchet
derivative of the nonlinear filter map viewed as a map on the
observations as a mapping from (L2 (0. T'): R™) into itself.

It is convenient to begin with a discussion of the issue in the
context of likelihood ratios (or Radon-Nikodym derivatives) in the
Gaussian context and for convenience we assume the processes take
valucs in R.

Let (2. F.P) be a probability space which carries a filtration
{F.} € F.Let {St}iepo.1] be a zero-mean Gaussian process adapted
to {F.} which satisfies

e
E[/ 157 dt] < ~x.
o

Let {1¥7} be a F, Brownian motion independent of F;' where
Fi denotes the filtration generated by {S,}. Define the so-called
“observation” process {};} given by

dY, = Sidt +d:t € [0.T) ¢}

Then the classical formula for the Radon-Nikodym derivative
(RND) of thc mcasurc induccd by Y dcnoted by v with respect
to (w.r.t.) w1y the standard Wiener measure is given by (see [6])

T
= exp{j{ SudY, — —;/ |Su2du}
0

where §¢ = E[S//F)], F¥ is the filtration gencrated by the
observations. S; is called the filtered process and the integral § in
(2) denotes the Ito integral.

It is important to point out that the result of Kailath [6] holds not
just for Gaussian signals {S:} but also for any signal satisfying

r/,u}
dun

)

E[[T\S,}Qdf] < .
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