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Summary. The infinitesimal stability of the asymptotic variance is considered
for M-estimators of a location parameter when the nominal sample with ii.d.
data is contaminated by a possibly dependent process. It is shown that the
resulting change-of-variance function can be expressed as a sum of two terms,
one corresponding contamination of the univariate distribution, and one to
contamination of the bivariate distributions. A change-of-variance sensitivity
is introduced, the form of which is closely related to the average patch length
of the outliers. Finally, optimal V-robust and most V-robust score functions
are derived. The resulting family of estimators is the same as for independent
data in the general case, but the truncation point approaches zero when depen-
dency is accounted for. For redescending score-functions, the family of estimators
is changed.

1 Introduction

M-estimators of location for independent and identically distributed (i.i.d.) data
were introduced by Huber (1964), where he studied their minimax robustness
properties. The infinitesimal robustness of the asymptotic value was investigated
by Hampel (1974) by means of the influence curve and later on Rousseeuw
(1981) introduced the change-of-variance curve, describing the robustness of
the asymptotic variance.

The independence assumption in statistical data is often violated.
Robustness against serial correlation is therefore a desirable property of a
statistical procedure. However, generalizations of infinitesimal robustness
concepts to time series impose difficulties since the functionals describing the
estimates do no longer depend on the one-dimensional marginal distribution
of the data only. Kiinsch (1984) generalized Hampel’s influence curve to M-
estimates of AR-parameters, where the functional depends on a finite-
dimensional marginal distribution of the underlying process. An even more gen-
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eral notion of influence curve for estimates depending on the marginal distribu-
tions of all orders (such as M-estimates of MA-parameters) was introduced
by Martin and Yohai (1986a). In that paper they also described the outlier
configuration in a rather general way through a replacement model. This model
makes it possible to distinguish between outliers occuring individually and in
patches.

The purpose of this paper is to use Martin and Yohai’s uncertainty model
{(in a somewhat more general form) in order to generalize Rousseeuw’s change-of-
variance curve CVF (Sect. 3) and change-of-variance k* (Sect. 5) to dependent
data. We restrict ourselves to M-estimators of a single location parameter and
the data are assumed to be nominally independent. Both CVF and x* contain
additional terms compared to the independent case, and these terms can be
related to the distribution of the patch length of the outliers in a rather simple
way. A quantity «, which we call the infinitesimal average patch length, is of
fundamental importance here. In Sect. 6 we derive optimal V-robust M-estima-
tors by minimizing the asymptotic variance subject to an upper bound constraint
k on k*. In the general case (Subsect. 6.1), the resulting family of M-estimators
is the same as for independent data, whereas for redescending M-estimators
(Subsect. 6.2) it is different. However, given a fixed value of k, the resulting
optimal V-robust estimator depends on the amount of dependency allowed for,
even in the general case. Finally, in Sect. 7 we outline some possible generaliza-
tions of the studied model.

The special case of nominal independence treated here is important, since
serial correlations is often an unsuspected (or at least unwanted) feature of
the data, and should be regarded as a deviation from the assumed parametric
model.

Moustakides and Thomas (1984), Sadowsky (1986) and Zamar (1990) have
investigated the stability of the asymptotic variance against dependence for M-
estimators of location. They use minimax techniques, and their uncertainty class-
es are based on g-contamination for the univariate marginal distribution and
various mixing conditions for the bivariate distributions. Portnoy (1977, 1979)
considers M-estimators of location with moving average type errors having
a weak correlation structure, and he obtains (approximate) minimax solutions
for the asymptotic variance. Lee and Martin (1986) treat the ARMA model
and compare (ordinary) M-estimators of location with proper M-estimators
(ie., joint estimation of the location parameter and the ARMA-parameters),
and show that the ordinary estimator can be quite inefficient compared to the
proper one, when the correlation structure is moderate to large. As mentioned
above, only infinitesimal robustness of the bias has been studied so far in the
time series setting. However, there are situations when the asymptotic variance
is a more relevant performance criterion. For instance, the Pitman efficacy is
a useful quantity in testing situations (cf. Noether 1955) which is closely related
to (for M-estimators just the inverse of) the asymptotic variance. Let us also
mention that with our contamination model, the variance of the estimator always
tends to zero as 1/n (at least formally) with increasing sample size n. In some
cases, 1/n%, O0<a<1 is a more realistic convergence rate (i.e., when so called
semi-systematic errors occur). One way of modelling such data is by means
of self-similar processes (cf. Mandelbrot 1977). Parameter estimation in such
long-range dependence processes is treated by e.g. Beran and Kiinsch (1985),
Fox and Taqqu (1986) and Kiinsch (1987).



The change-of-variance function for dependent data 449

2 Preliminaries

2.1 M-estimators.

Let yy, ..., y, be observations of a stationary ergodic process {Y;}{2 _, with
associated measure p, on (R™*°, %~ %) and let F, be the univariate distribu-
tion of the process. The location parameter 8 is defined as the solution of the
equation

2.1 [¥(€—0)dF,©)=0,

given some function . We define the functional T: u,— T(u,) by putting T{u,)
=6. An M-estimate T, of the location parameter 8 is a solution of the equation

M=

(2.2) ¥ (yi—T,)=0.

1

Suppose from now on that T(u,)=0. (This will be the case for all processes
whose asymptotic variance we consider.) Under suitable regularity conditions

we then have T,—>0 (consistency) and that WT}, is asymptotically normal
with zero mean and variance

fw(©?dE(©)+2 i SSU DY) dEPE,, &)
k=1
(J¥ (& dE )

where F® is the bivariate distribution of the pair (Y;, Y, ;). Regularity condi-
tions for consistency and asymptotic normality are given by Huber (1967) for
1id. data and by Portnoy (1977) and Bustos (1982) for dependent data. In
order to prove asymptotic normality, some mixing condition is needed, e.g.

2.3) Vi, )=

that {¥;} is ¢-mixing with ) ¢}/?< oo, cf. Billingsley (1968, Sect. 21).

i=1
2.2 Uncertainty model.

The contaminated process is constructed according to the following general
replacement model:

(2.4) Y=(1-Z) X;+Z] W,

where 0<y=1, X; is the nominal iid. process, W, the contaminating process
and Z7 a 0-1 process with

(2.5 P(ZI=1)=go(y)=7+o(y).

This uncertainty model has been used by Martin and Yohai (1986a). We denote
by ., i, #2 and p) the measures on (R™**%, #~ ) corresponding to the
processes above.

According to (2.4), the measure p is determined by the joint measure uZ,,,.
When Z7? and W, are iid. processes, we obtain the ordinary contamination
model for independent data. By introducing dependency in the Z!- and
W-processes, it is possible to model patchy outliers. Zamar (1990, Lemma 1)
also considers a contamination model of the kind (2.4), with Z} an i.i.d. process.
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2.3 Notation and regularity conditions.

First some notation: We let F, and F} denote the univariate distribution of
the X;- and Y;’-processes and F; the distribution of W, conditioned on the
event {Z!=1}. The bivariate distribution of the pair (Y, ¥,,) will be written
FJ*® and that of (W, W), conditioned on the event {Z}=Z?,,=1}, we denote
by F»®, We also write F2;® and F2. for the bivariate distributions of (X;, W._,)
and (W, X, ), conditioned on the events {Z?=0, Z], =1} and {Z}=1, Z,, =0}
respectively. In cases when the conditional W-distributions are the same for
all values of y (which will be assumed throughout the paper except for Sub-
sect. 7.1), we will drop y as superscript and simply write F, and F®.

The nominal univariate distribution F, is kept fixed and satisfies:

(A1) F, has a twice continuously differentiable density f, which is symmetric
and strictly positive.

(A2) The maximum likelihood function A= —f}/f, satisfies A'(£)>0 for all £,
and [A4'(8) f(§)dE=—[A(0) fi(§)dE< 0.

(A1)(A2) imply that F, has finite Fisher information and that f, is unimodal.
Moreover, all regularity conditions on the nominal distribution in the minimax
asymptotic variance theorem in (Huber 1964, p. 80) are satisfied.

The class ¥ of all admissible functions  is specified through

(B1) y is continuous on R\C(y), where C(¥) is finite. In each point of C(y),
there exist finite left and right limits of ¥ which are different. Furthermore,
Y(=&=—y (O if {{ —H=R\C(Y) and ()20 if {20 and L RN\C(¥).

(B2) The set of points D(iy) where y is continuous but ' is not defined or
not continuous, is finite.

(B3) J¥(§?dF(§)< 0.
(B4) 0< [y (O dE(D=—[¥() f(§)dE=[ A Yy (& dF (&)< oo.

By allowing ¢ to have a finite number of discontinuities, a large class of
M-estimators will be contained in the class ¥, including the median, the Huber-
type skipped median and the median-type tanh-estimator. Since y may have
discontinuity points, ¥’ is to be interpreted as a Schwarz distribution, as
described by Rousseeuw (1982), so that

(26) Y (OdF(©)= I Y(©OdF O+ _i Wlci+)—=v(e—=) f(c)

RW(C) v D(¥)

where the first term is the classical integral, ¢, < ... <c¢,, are the points of C(y))
and f is the density (assumed to be continuous in a neighbourhood of C(y))
of an arbitrary distribution F. Conditions (A1)-(A2) and (B1){B4) are the same
as those given by Rousseeuw (1982).

Next, we make the following assumptions about the outlier generating pro-
cesses Z! and the contamination process W, :

(C1) The Z}-processes are independent of the nominal process and P(Z]

=Z =0)=g () =0, y+7r(), k=0,1,2, ..., with r,(y)=0(y) and z %y < 00,
k=0
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(C2) X;and W, are conditionally independent on the event {Z!=0, Z}=1} when
i#+j. (However, when i=j the two random variables may be dependent and
consequently, the processes may be dependent.)

(C3) The conditional distributions F? and F2*® are independent of y (and hence
will be written F, and F® respectively).

(C4) F, has a symmetric density f,, [¢()?dF,()<oo and
YW ED ¥ (€ AFP(E, &) < 0.
k=1

(C5) The integral [y (£) d F, (&) exists in the sense of (2.6) and is finite.

Condition {C1) expresses the bivariate dependency structure of the outlier
generating process Z]. Comparing (C1) with (2.5), we observe that a,=1. We
will see in Sect. 4, that the constants o, are closely related to the distribution
of the outlier patch length. In particular, for iid. data {with isolated outliers)
we have o, =0 when k=0, since ock:IiIIéP(th:llZ{:l). Condition (C2)

By

guarantees that all mixed terms of the kind E({ (X;) ¥ (W))|Z!=0, Z}=1) vanish
in the expression for the asymptotic variance. Intuitively, this condition can
be interpreted by the statement that the distribution of an outlier occuring
at time j which is not present at time i is independent of what happens at
time i. (C2) is valid for additive outlier models such as in Subsect. 7.1. Condition
(C3) obviously includes the case when the Z?- and W;-processes are independent.
In general, when the two processes are dependent, it is clear that the conditional
W-distributions may vary with y. In that case one could assume that F? and
F}'® converge weakly to some limiting distributions F, and F® as y — 0. Such
a convergence is established for the additive outlier model in Subsect. 7.1. It
turns out then that formula (3.2) for the change-of-variance function still holds
true. However, this requires more regularity on ¢ (see Theorem 7.1), leaving
out many important estimators. We therefore prefer to work with (C3) in the
following. It is also important to observe that in general the one-dimensional
marginal distributions of F® need not equal F,, since the two distributions
are conditioned on different events (see Subsect. 7.1). Conditions (C4)«C5) guar-
antee the existence of the change-of-variance function in (3.1). Furthermore,
the symmetry of f, and f, together with the antisymmetry of  imply that
6=0is a solution of (2.1) for the contaminated process Y;.

Finally, we introduce the notation

2.7) AW) =Y (&Y dE©)
and -
(2.8) B(%)=I¢’(f) dE(9)

so that the nominal asymptotic variance is given by

2.9) Vi, u) = AW)/BW)*.

2.4 Infinitesimal bias. According to (2.2), the infinitesimal variations of the
asymptotic value of the M-estimator only depends on the univariate distribution
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of the contaminating process. By differentiating (2.1} with respect to y one obtains
(Hampel 1974; Martin and Yohai 1986a)

(2.10) %[T(u;)]Fo:le(w, F. 9 dE,(©),

where IF is the influence function, which is given by

(2.11) IF (Y, F, )=y (&)/BW),

on R\ C(¥). The maximal infinitesimal bias is described by the gross-error sensi-
tivity

(2.12) Y, )= sup [IF(), F, Q)|
)

It is sometimes more convenient to work with the standardized gross-error
sensitivity

(2.13) s W F)=y* (¥, E)/)/ VY, E)

which is invariant with respect to affine transformations of the parameter space.

3 Change-of-variance function

Having defined the uncertainty model, we are now ready to introduce the
change-of-variance function (CVF), which we define in the following way:

G3.1) CVEW, (1) =a% [log V(. )], —o-

Note that according to this definition, the CVF does not only depend on ,
. and the contaminating measure p.,, but also on the trajectory of contaminated
measures {u),0<y<1}. By differentiating formula (2.3) with respect to y we
obtain the following expression for the CVF:

Theorem 3.1 Assume that the regularity conditions of Subsect. 2.3 hold. The CVF
defined in (3.1) is then given by

JY(©?dF, () +2 i o [f (€)Y (&) dEPE,, &)

(32) CVF(, {mh)=1+ Ap)

I LASEY A
BG)
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For iid. data, with ¢, =0 when k=0, (3.2) reduces to the expression

[¥(©dE,) ¥ (©dE(9)
A

(3.3) CVE(, (i) =1+ i

derived by Rousseeuw (1981).

4 Interpretation of the outlier generating process

In this section, we will motivate and interpret the regularity conditions imposed
on the Z!-process in (C1) of the previous section. Given that an outlier occurs
at a certain time, let T be a positive, integer-valued random variable describing
the duration of the outliers, with

(4.1) P(T>j)=0,, j=0,1,2,...

Assume that the probability of a (first) occurence of an outlier at a certain
time is p,0<p=1 and let the random variable Z¥,, j<i be the indicator for

J i
the event that an outlier first occuring at time j is still present at time i. According
to (4.1), we then have

(4.2) P(Zf,lZI):pH,_J.

Since Z! (where y will be related to p below) is the indicator of the event that
an outlier occurs at time i we have

(4.3) Zi=1-T](1—2z2).

Jsi
We will also assume that
(D1) E(TH < .

(D2) The random variables Zj-’,i, Jj<i are jointly independent of the X;-process
and all sequences {Z2; }% _, of random variables are independent.

Condition (D2) simply says that the time durations of outliers occuring
(first) at different times are independent and furthermore, they are independent
of the nominal process. It is now possible to show that the regularity conditions
imposed on the ZY-process in Subsect. 2.3 are satisfied for the particular
Z!-process generated here:

Theorem 4.1 Suppose that the family of outlier generating processes Z!,0<v<1,
satisfies (4.3) for each vy and that (D1)-(D2) hold. Then condition (C1) of Sect. 2
holds with parameters y and oy, k=0, 1,2, ... given by

(44) y=p Y. 6,=pE(T)

and

(4.5) b= i 9;/% 0;-
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Remark. In order to show that conditions (C2)}H{C35) are satisfied, we have to
choose a specific contamination process W,.

_Asan alternative description of the configuration of the outliers, we introduce
L as the total length of the (possible) patch of outliers at time i. If Z?=0,
we let I =0, and if Z! =1, put

(4.6) Di=max{jk—j+1};jSiSk, Z'=Z% =...=Z]=1}.
Furthermore, let

(4.7) L=1371=1

describe the patch length of outliers conditioned on the event that an outlier

is present. We then have the following result:

Theorem 4.2 Given the same assumptions as in Theorem 4.1, there exists a positive,

d
integer valued random variable L such that I, — L for all i,

JP(T'=))

@8) PL=)="pm "

=12, ...,

L=T (ie., is stocastically larger than), with equality iff T=29; for some I, and
finally,

ET? ad

(4.9) E(L)="z =a=1+2) &

The guantity «, which we call the “infinitesimal average patch length”, turns
out to be of great importance as a measure of dependence when calculating
the change-of-variance sensitivity in Sect. 5 and deriving V-robust estimators
in Sect. 6.

Example 4.1 As an illustration, assume that all outliers have patch length [,
i.e. T=4,. In this case the Z!-process is given by

(4.10) Zi=1— ﬁ (1-2z),

j=i—i+1

with y=Ip, o,=1~k/l when 0<k<I and «,=0 when k=l Moreover, L=9,
and a=1[ This uncertainty model was used by Martin and Yohai (1986a) for
constructing patchy outliers.

Example 4.2 If T has a geometric distribution with parameter r, then y=p/r
and o, =(1—r). Furthermore, L+ 1 has a negative binomial distribution with

2
parameters 2 and r, and == 1.
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5 Change-of-variance sensitivity

In this section we give an upper bound for the CVF given by (3.2) when the
trajectory of contamination measures is allowed to vary. This is achieved by
keeping u, and {u},0<y<1} fixed and letting u,, vary. In order to obtain a
simple expression for the upper bound of CVF, the supremum will be taken
over a class %" of contamination measures y,, whose members satisfy (C2)-C5)
of Sect. 3, and furthermore, the one-dimensional marginals of F® equal F,, for
each k. The latter constraint is satisfied for all contamination processes that
are independent of the ZY-processes for all y. Note that in particular, formula
(3.2) is valid for each element of #".

For a fixed u,, we may apply Cauchy-Schwarz inequality on each term
of the infinite series in (3.2) to obtain an upper bound for CVF:

ap ()?  2¢'(9)
AW)  BWY)

(5.1) CVR(, (1)) <] (1 + )dF ©,

where o is the infinitesimal average patch length defined in (4.9). Now taking
the supremum in (5.1) over #” and remembering the interpretation (2.6) of the
integration of ', we have

(5.2) sup CVF (s, {i})=x3 W, F)

HweW

where we define the change-of-variance sensitivity «* (i, F.) as follows:
Definition. The change-of-variance sensitivity «*(y, F,) is defined as + oo if a
delta function with negative factor occurs in ¥, and otherwise as

ay (& 299
AW)  BW)

(53) x:(w,Fx)=sup{1+ LEER\(CWH)u D(w»}

This definition generalizes that of Rousseeuw (1982) for independent data, which
corresponds to the case a=1.

In order to show that x}(y, F,) is a tight upper bound for the supremum
in (5.2) we give the following example. Let U; and V; be processes jointly indepen-
dent of the X;- and Z!-processes. The U- and V-processes are also mutually
independent i.i.d. processes with univariate distribution Be(p) and F, respectively.
The contamination process is now defined as a Markov process:

V. if U=0
54 )7 :
64 i {Wi_l,if 1.

This process has unjvariate distribution F,,=F, and bivariate distributions F®
=(1—p" F,x F,+p*dp,, where d, is a diagonal measure, defined in such a way
that [[h(¢q, 2) dég, (&, &)= jh(f & dF,(¢) for any bounded and continuous
function h. If now F, has a symmetric density satisfying [¢(£)*dF,({)<oo and
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IIW’(é)dFv(i)k oo it follows that conditions (C2)-(C35) of Subsect. 2.3 are sat-
isfied with change-of-variance function

. [YEPdEE)  [¥(©dE©)
(5.5) CVF (W, {1))=1+a(p) A00) 2 B
where
(5.6) a(p)=1+2 i o
k=1

By letting p — 1 and varying F, we sce that the supremum in (5.2) must equal
K3 (W, F).

Remark. Tn view of (5.1) and (5.3), it is natural to introduce a change-of-variance
curve (CVC) in the following way:

2y (O 29/(9)

(5.7 CVCWY,H=1+ A By)

where the last term may contain delta functions as in (2.6). Let & =(...,5 &€, ..)
be a constant sequence in R™*"®. Then formally, CVC(y, &) corresponds to
choosing u,,=46z+46_z in (3.2), with p, independent of ). Unfortunately,
this process does not satisfy (C4), so the CVF does not exist. To remedy this,
we can let uf, be the Markov process above with F,=31d.+%6_,. Letting
{ur?,0<y <1} be the corresponding family of contaminated measures we obtain

(5.8) CVC(Y, O =lim CVE(, {u"}).

6 V-Robustness

6.1 General case.

In this section, we will state a number of optimality properties related to
k¥, F), given a fixed a. Unless otherwise stated, the results are straight-
forward generalizations of the case o=1 and proved in the same way (see
Rousseeuw 1982).

Following the notation of Roussecuw (1981) we say that an M-estimator
with corresponding y-function is B-robust if y*(y, F,) < co (which is equivalent
to y¥(y, E)< o0, since 0 < V(if, F,) < oo). Given a fixed o, we call the M-estimator

V,-robust if «f (i, E) < co. Putting ||y || =supy(£) we then have:
éeR

Theorem 6.1 For all s in VP, V,-robustness implies B-robustness, and

aly)? _

A@h) —

(6.1) Loy, F)* =1+ K5 (W, F),
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with equality if ¥ is nondecreasing. Moreover, V robustness is equivalent to
V,-robustness, with

(6.2) kI, F) Sk, F) <okt (), F)—1)+1,
and the last inequality can be replaced by equality if s is nondecreasing.

A frequently used class of robust estimators are the truncated maximum-
likelihood estimators, corresponding to

(6.3) ¥ (O =[4(5)1" .

where 0 <b < || 4| =sup|4(£)]. The limiting case b — 0 corresponds to the sample
¢eR

median, with score function

(6.4) Ymea(&) =sgn(£).

We say that two estimators corresponding to ¢, and ¥, are equivalent if C(y;)
=C(y,) and ¥ (&) =cy, (&), for all £eR\C(y,), with ¢ a fixed constant. An
estimator will be called optimal ¥, robust if it minimizes W, p,) among all
Y eV satisfying the constraint xX* (¢, u, )<k for some fixed number k< oo and
most V,-robust if it minimizes x*(y, p,) in the whole class ¥. These definitions
generalize the notions optimal V-robust and most V-robust estimators
(Rousseeuw 1981), for the case a=1. The next theorem states that the optimal
V,-robust and most V,-robust estimators are the same for all values of o.

Theorem 6.2 Up to equivalence, the median is the unique most V,-robust estimator
in ¥ with kf(Ymea, tx)=0+1 and the only optimal V, -robust estimators are
(depending on k) Y eq, {5, 0<b< || A} and A if || 4] < o0.

We see from Theorem 6.2 that the family of optimal V,-robust estimators
is the same for all values of o, and hence the same as for independent data
(«=1). However, given a fixed constraint x* <k (with k>« 1) the truncation
point b=b(x, k) clearly depends on «, and it is easy to see that with k fixed,
b(a, k) is a strictly decreasing function of « (since x*([y]",, u,) is a strictly
increasing function of b, cf. Rousseeuw 1981). Hence, for large values of the
infinitesimal average patch length «, the optimal V,-robust score functions
approach the sample median. This is illustrated in Table 1, when F, equals
the standard normal distribution and ¥, (&)=[¢]%, corresponds to a Huber
estimator. A similar conclusion is derived by Zamar (1990, Theorem 1 and
Table 2) for minimax robustness.

Table 1. Optimal choices of truncation point b for various values of o and k, the upper bound
constraint on x¥

a k=2 k=3 k=5 k=10 k=20

1 0.00 1.04 1.90 2.99 4.36

2 - 0.00 1.04 2.04 3.08

3 - - 0.48 1.55 2.49

4 - - 0.00 1.19 2.11

5 - - - 0.90 1.83

8 - - - 0.21 1.26
15 - - - - 0.40
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Optimal V,-robustness is a compromise between low values of V (i, u,) (nominal
performance) and «? (¥, ). As « becomes large, the second quantity becomes
more important in this trade-off and the optimal V,-robust choice of
approaches the most V,-robust score function. This explains heuristically why
a more dependent contamination requires a more V-robust estimator.

6.2 Redescending M-estimators.

As we saw in the preceding subsection, the V-robustness properties for the whole
class ¥ of M-estimators extended directly from the case a=1. However, if we
restrict ourselves to the subclass of M-estimators with rejection point r,

(6.5) H={¢e¥, y()=0,forall|{|>r},

the situation is slightly different. It turns out that the most V, -robust and the
family of optimal V,-robust estimators i depends on o. The case a=1 is treated
by Roussecuw (1982). In general, the optimal V,-robust estimators within the
subclass (6.5) are estimators with score functions of the form

4(2.05¢l<p
66 tas= /A ann (552 - 12) seni@p<ieisr
018>,

whenever k, the upper bound constraint on ¥, exceeds a certain lower bound
Ky.q- 10 (6.6), A=A(¥, o)y B=B(x, ) and p are chosen so that y, ,, becomes
continuous. The family {¥, , 1 }i% (.o cOrresponds to the tanh-estimators derived
by Rousseeuw (1982) when o=1, and to the family of optimal B-robust estima-
tors as a=oo. The latter one consists of skipped Huber estimators {i, ,}7.%},
where

(6.7) Vs (O =[AO]%5 1—,n(E),

b=0 corresponds to the skipped median and b= A(r) to the Huber-type skipped
mean {cf. Rousseceuw 1982). As o — oo, the last term in (5.3) becomes negligible,
and the corresponding minimization problem approaches that for optimal B-
robustness. For details, cf. Hossjer (1989).

7 Generalizations

7.1 Generalized uncertainty model.

Consider the following additive outlier model, proposed by Franke and Hannan
{1986):

-1
(7.1) =X+ Zﬂ, I/ip—j’
j=0

where {V7}2 _, are i.i.d. random variables jointly independent of the nominal

process, with distribution (1 —p) 6o+ pH, 0=<p =1 (the value of y will be specified
below), H is a symmetric distribution with point mass zero at the origin and



The change-of-variance function for dependent data 459

Bo, ..., Bi_, are nonzero constants. This family of processes can be described
by a replacement model that is slightly more general than (2.4) (see also Martin
and Yohai 1986b):

(7.2) YY=(1-Z) X;+Z! W.

The meaning of the 0-1 process Z? becomes clear when comparing (7.1) with
(7.2), we simply put

-1
(7.3) {Z1=1}= U {V2,;+0}.

j=o

By defining

(7.4) Zpi={1(V,-"#0), i—l<j<i

s 05 ,]él_l:

we see that (7.3) can be rewritten as

(7.5) Zl=1— ﬁ (1-22).

j=i—l+1

Since conditions (D1) and (D2) hold, this Z?!-process can be obtained as in
Example 4.1, with the duration random variable T and the infinitesimal average
patch length L equal to §,.

Since the W;”-process now depends on v, we have to take some care when
computing the CVF according to (3.1). However, the explicit formula for CVF
given in Theorem 3.1 still holds true with these limiting distributions. Let F?
be the univariate distribution of Wy conditioned on the event {Z] =1} and
E}>® the bivariate distribution of the pair (W}, W/.,) conditioned on the event
{Z 1=2Z3 ;,=1}. It turns out that F? and F}'® converge weakly to some limiting
distributions F, and F® respectively as y »0 (When k=1, the latter case follows
casily from the former, since then £ = F} x F. However, only k<! is interest-
ing in the limit y —0.) Introduce ¥; as the restriction of V7 to the set {VP+0}.
Hence, V has distribution H. Let 5,” () and Z(-,-) denote the one- and two-
dxmensmnal distributions of the random variables in brackets and = the convolu-
tion operator. Finally, put Hy=2(8V) and Hy, ;,=%(8, V;, f, V). We then
have:

Theorem 7.1 Suppose an additive outlier model of the form (7.1) for the observed
process Y, 0Sy=<1. Then F] converges weakly to

-1 l 1
(7.6) 1 Z LX )L B V- )—*Z E.xHg,

j=
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asy—0and F'® k=1, ..., 1—1 converge weakly to

-1

1 ~ -
(1.7 va,k)=l—_k zkg(Xl—kaXl)*g(ﬁj—ka Vl—jaﬁj Vl—j)
i=

1 -1
:m g (Fxx Fx)*Hﬁj_k,ﬂj'

i=k

Suppose in addition that we have a location M-estimator with a bounded, differenti-
able score function W whose derivative is also bounded. Then formula (3.2) for
the CVF holds with values of v and oy, k=0, 1,2, ... as specified above and distribu-
tions F,, F®, k=1, ...,1—1 as given in (7.6){7.7).

The forms of F® in (7.6)~(7.7) reflect the fact that only the event when at
most one of I consecutive V7 is nonzero is important in the limit y —0. Note
that according to Theorem 7.1, the one-dimensional marginal distributions of
F® k=1, ...,1—1, do not equal F, . Therefore, the change-of-variance sensitivity
given in Sect. 5 is not applicable in general for the contamination model (7.1).
To remedy this, we can take the supremum of CVF(y, {ul}) over a larger class
W of W,-processes with arbitrary marginal distributions except that formula
(3.2) remains valid. An upper bound (which is not tight) for this supremum
is obtained by bounding each term in the series of formula (3.2) by
o | 12/ AQ)) =0y (v¥)? and the sum of the remaining three terms by x¥(y, F,).
We denote this upper bound by

(7.8) k=1t +@—1OH*.

k¥ is a more general sensitivity than ¥, since it is a bound for a larger class
of W-processes. On the other hand, it is a quantity that is more difficult to
use when computing optimal or most V, -robust estimators as in Sect. 6. In
principal, one can find the score functions of these estimators by minimizing
V (¥, u,) subject to a simultaneous upper bound constraint on k¥ and yf and
then minimize these minima over all pairs (x¥,9¥) such that the right-hand
side of (7.8) equals a fixed value. The estimators corresponding to the first mini-
mization can be found in about the same way as optimal V-robust estimators
are found. In the general case, these estimators are the same as in Subsect. 6.1,
whereas for redescending estimators they are different. (Typically, the redescend-
ing score function (&) will be identical to A(¢) for small [¢], tanh-shaped for
large |£|(Zr) and constant in a region in between.) The second minimization
is more involved, since the minimal value of V(, u,) will depend on (x%,y¥)
in a rather messy way, and it probably has to be carried out numerically.

7.2 Other extensions.

Throughout the paper, we have assumed nominally independent data. Removing
this restriction will impose difficulties, since it is then no longer realistic to
assume independence between different samples of the X;- and W, -processes
(condition {C2) of Subsect. 2.3). In order to have a convergent series expressing
the asymptotic variance, one has to impose conditions on how fast the depen-
dence between X; and W, decreases as |i— j| — co.

In order to simplify the exposition, we have confined ourselves to analyse
one-dimensional location estimators. By allowing the observed process (2.4) to
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contain several unknown parameters, one may study the robustness properties
of the asymptotic covariance matrix for multidimensional estimators of these
parameters. This has been done for independent data by Ronchetti and Rous-
seeuw (1985).

8 Proofs of theorems

Proof of Theorem 3.1

First some notation: Given an arbitrary process with univariate distribution
F and bivariate distributions F® k=1, 2, ..., let us introduce

(8.1) AW, F)=[y()*dF (&),

82 A, FO) =Y (€)Y (E,) dFPE,, &)

and

8.3) B(y, F)=[y'(§)dF (&)

Within regularity, the asymptotic variance is given by (2.3), which in our notation
may be written

AW EN+2 Y A B O)
k=1

By, F

(8.4) Vi, )=

for the contaminated process Y;” in (2.4). Each term in the series of the numerator
equals

(8.5) AW, B ®)=P(Z] =21 4, =0) A, E¥)
+P(Z1=0,Z} 1 =1) AW, F1,)

+P(Z¥ =1,7] +x=0) ‘Z(l//a sz,J(Ck))

+P(Z|=Z] =1 A, F).
Since ¢ is skew-symmetric, f, is symmetric and the nominal process is ii.d.,
the first term in (8.5) vanishes for all k>0. Similarly, the second and third

terms vanish because of (C2) and the symmetry of f,,. Summing (8.5) over k
and using (B 3), (C1) and (C4) therefore yields (observe that A(y) =AY, F.)):

86)  AWE)+2Y AW, )
k=1

=(1—go ) AW+ 80 () A(, E)+2 Y &) A, FY)

k=1

—(L—) AW+ AW, F)+2 Y 2y AW, ) +0(y)

k=1
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(The convergence of the series in (8.6) follows from (C4) and dominated conver-
gence.) For the denominator in (8.4) we obtain (observe that B(y)= B(y, F,))

(8.7) B, i)=(1—go(y) Bly)+go(y) B, F,)
=(1—y) B{)+yB(, E,)+o(y),

where the last equality follows from (B4), (2.5) and (C5).
Formula (3.2) now follows by differentiating log V(y, 1)) with respect to 7,
using (8.4), (8.6) and (8.7). [

Proof of Theorem 4.1

Clearly, condition (D 2) implies that the Z?-process is independent of the nominal
process. In order to prove the remaining relations, put

y=py 0; and ock=29j/29j, k=0,1,2, ...
i=0 i=k j=0
Then, since E(T?)< oo according to (D1), it follows that
Y 0;<oo and ) @ <co.
j=0 k=0

It remains to show that g,(y)=oyy +r.(y), with r,(p)=0(y), k=0, 1,2, .... Accord-
ing to (4.2), (4.3} and (D2) we have that

oo o

88)  g(=PZi=1)=1-]]0-PZ}_; =1)=1-[](1-pb).
ji=0 j=0
Since the series Y, p0; has nonnegative terms, it holds that
i=0
(89) ~Loosll0- po)se B

and consequently
(8.10) l—e772g0(0) =7,
which yields the desired conclusion for k=0. For k>0, put

(8.11) Dy*= U {sz—j,wk:l};
j=0

(8.12) Dg*= ) {Z2_, =1}\DP*
j=0

and

(8.13) D= U {Z8h—jru=1},

so that

(8.14) (Z1=27 =1} = DE* U (DE* A DEH}.



The change-of-variance function for dependent data 463

By similar arguments as for k=0 we obtain

(8.15) P =1—-[T(A—p8)=p Y 0;+0()=y0,+0(y),
i=k j=k
(8.16) PDEH<1-TT(1—pO)<y
ji=0

and

k-1 k—1
(8.17) PDFY=1-T[(1—p0)=<p Y 6;<y.

j=0 i=0

D% and D*~ D%* are disjoint events and by (D2), D&* and D%* are indepen-
dent. Hence,

(8.18) g(y)=P(DY*+PDEY P(D5Y =0, y+0(y). O

Proof of Theorem 4.2

Because of stationarity, the distribution of I, is clearly independent of i, and
hence we may assume i =0. Notice that if Z} =1,

(8.19) Dy=D5" -1 +1,
where

Lg* =max{j20;Z}=...=Z1=1}
and

Iy =min{j<0;Z7=...=Z}=1}.

Again, because of stationarity,

P(Ly* =k, Iy~ =D=q,_;, k20,10,
and hence by (8.19),
(8.20) P(Dy=j)=jq;+.

In order to calculate g;, observe that

(821) qj=P(~V6_ =0’ ~V6+ :J)
=P(Zy=..=2)=1,2",=27%,,=0)
Jj+1
:P< (N {2 -1=0} () {Z1;+.1=0}, {Z%’),J-=l}>+0('y)
k=—1 k=0

_yP(T=j+1)
—‘E(r+0(3’),
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where the last two equalities follows by similar (but slightly more complicated)
arguments as in the proof of Theorem 4.1. It then follows from (8.20)(8.21)
that
. _P@y=j)_jP(T=)) :
P(ly=j)= = +o(l), =12, ...,
° 80(%) E(T) !

which proves that I, - L as y—0. In order to show that L=T, it follows
from (4.4)-(4.5), (4.8) and partial summation that

DO+ E(T) G+ 1) 0,49, E(T)
i

= j+l+4oa E(T
28k+06j+1E(T) J j+1 ( )

k=0

(8.22) P(L>)) 20;=P(T>)),

with equality iff 6;=0 or 1. In order for T and L to have the same distribution,
6; must equal 0 or 1 for all j, and hence T =4, for some /=1. Finally, (4.9)
follows easily from the definitions of L and T. [

Proof of Theorem 6.1

The first part of the theorem (V,-robustness versus B-robustness) is proved in
the same way as for the case a=1 (Hampel et al. 1986, Theorems 2.5.1-2.5.2).
For the second part, the first inequality in (6.2) is obvious while the second
one follows, since  wF(, F)Sxf(W, F)+(@—1)7F @, B <xkf (), F)+
(a— 1)k (Y, F)—1) by (6.1). Finally, it follows that the last inequality of (6.2)
can be replaced by equality for nondecreasing i, since (6.1} then holds with
equality for both k¥ (y, F) and kX (i, F,). [J

Proof of Theorem 7.1

We start by proving weak convergence of F) and F'®, k=1, ..., |—1. Actually,
we will prove the stronger relations

(8.23) Fl=(1—¢(y) F, +8(y) F}
and
(8.24) Fr@=(1—g) FP+e0) FE2®,  k=1,..,1-1,

where &,(y)=o0(1), k=0, ...,1—1 and F? and F'® k=1, ...,1—1 are distribu-
tions that will be specified below.

Define
i~-1
(8.25) E={VF_ 0} n ﬂ {Vf_;=0}},
e
and let E? be the event that at least two of the random variables V7, ..., V¥,

are nonzero. Then according to (7.5) we have

(8.26) (z1=1) =@; Eg) U

k
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Since the V7’s are independent, (8.25) gives

(8.27) P(ER)=p(1—p)~*

when 0k <I—1 and consequently (remember that y=1Ip)
(8.28) p(1—-y)=P(E)=p.

The events EZ, k=0, ..., I—1 and E? are clearly disjoint. (2.5) and (8.28) therefore
imply

-1

(8.29) P(EP)=go(y)— Y. P(ED=0(y).
k=0

Since VP is an ii.d. process, independent of the nominal process, the conditional
distribution of W} under Ef is F,=Hy . Let F} be the conditional distribution
of W} under E?. Then we have

‘2! P(ED) P(E?) -
8.30 F=%Y —*Fs+H, +—2F
(830 a0t

which implies (8.23). In order to prove (8.24), we proceed in an analogous man-
ner, using the partition

I—~1
(8.31) {ZV:Z§_k:1}=(U E5.'>uE,Ig,

j=k

where the “remaining” event EP is negligible in the limit y »0. The bivariate
distribution of (W/_,, W), conditioned on the event EZ, equals
LNy, X))+ ZL (B « Vi By Vis )=(F, % F)«Hg, _, 5 when k<]<l—1 Let-
ting F'® be the conditional distribution of (W;_,, W) under EP. we obtain
from (8.31)

S P
8.32 B —
(532 H= L 0

P(Ep

Fy (k)
2c(y)

U (F x E)Hy |, +— O

which implies (8.24).

We proceed by proving the validity of formula (3.2) for the CVF. Remember-
ing the notation in the proof of Theorem 3.1, the asymptotic variance is given
by (8.4). Each term in the series of that formula can be expanded as

(8.33) AW, B ®O)=P(Z] =2} ,,=0) Ay, F)
+P(Z]=0,Z1 ., =1) Ay, F1,)
+P(Z1=1,2},,=0) AW, Fl:¥)
+P(Z) =21 i =1) AW, F3P).

The first three terms in (8.33) vanish for the same reason as in Theorem 3.1.
(Condition (C2) of Subsect. 2.3 is obviously satisfied for the process (7.1).) Sum-
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ming over k therefore yields (the extra y’s in the superscripts compared to (8.5)
indicate that the W -process now depends on )

638 AWE)+2 Y AQEO)

— (1o A + 50 AW, F)+2 Y. 240) A0, E2¥)
—U- DA 7AW E) 12 Y, g AW FF¥)+0(y),

k=1

where the last equality follows from (2.5), the fact that A(y) and A(y, F)) are
bounded (since  is bounded) and from (8.23) (which implies Ay, F}) = Ay, F,)
as y —0). Next we show that

>3}

(8.35) Y ) AW, Fr®)= Y oy AW, FF) +o().

k=1

When k21, Wy and W/, are conditionally independent under the event {Z]
=27 .,=1} and hence A(Y, F}'*)=0. When k <, the boundedness of i/ together
with (8.24) imply that A(y, F2®)— Ay, F¥) as y— 0. Formula (8.35) then fol-
lows by dominated convergence. The denominator of (8.4) may be written

(8.36) B(y, F)=(1—go(y) BW)+go () B, F]
=1~y BW)+yB(y, F)+o(y).

The last equality follows since B(y, F))<|/y/|| uniformly in y and since By, F;)
— B(y, F,) as y — 0, which in turn is a consequence of (8.23) and the boundedness
of Y. The desired conclusion now follows by differentiating log V (i, u?) with
respect to y, using (8.4), (8.34), (8.35) and (8.36). [
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