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Wright Fisher Model
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» Nonoverlapping generations
> Constant population size 2N = 10,
> P, = frequency of Allele 1, P: = 0.4,

Generation t, Piy1 = 0.5.



Wright Fisher Model

Population of 2N gene ] oo
(marker) copies
Allele 1 and 2
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» Nonoverlapping generations

> Constant population size 2N = 10,

> P, = frequency of Allele 1, P: = 0.4,
Generation t, P:y1 = 0.5.

Alleles drawn randomly from parental generation:

Pty 1|Pe ~ Bin(2N, P;)/(2N)



Variance effective population size N,y
Write
Pir1 =Pt +erq1

where 441 is genetic drift, with E(ery1|P:) = 0 and

P:(1— P;) WF

Var(et_,_l’Pt) = N y — NeV =N.
e



Variance effective population size N,y

Write
Pii1 =Pt +et1

where 441 is genetic drift, with E(ery1|P:) = 0 and

P:(1— P;) WF

Var(st_,_l’Pt) = N y — Ne\/ =N.
e

Rule of thumb:

More inbreeding = More genetic drift = Smaller N,y

In general N.y # N due to
» Diploid population
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Spatial structure

v

Varying reproductivity

v

Time varying population size

v

Overlapping generations



Structured population

» s subpopulations
> my; migration rate from Subpopulation k to i

» N total population size (= 2N gene copies)



Structured population

» s subpopulations O/mki @

> my; migration rate from Subpopulation k to i \\
» N total population size (= 2N gene copies) O O

M = (mg)j,—; = migration matrix

Na; constant subpopulation sizes

where >°% ;a; =1 and

a=(a,...,as) =aM,

is a left eigenvector of M with eigenvalue 1.



Structured population

> my; migration rate from Subpopulation k to i

( ?‘\mlk
» s subpopulations O/mk. @

» N total population size (= 2N gene copies) O O
M = (m)i;—; = migration matrix
Na,- =

constant subpopulation sizes
where >°% ;a; =1 and

a=(a,...,as) = aM,
is a left eigenvector of M with eigenvalue 1.

S

S
Overall migration rate m’ = E ai(mi. —mj)=1- g aimi.
i=1 i=1



Island model




Linear stepping stone model

m/2

1—mNGl/2, =k,
myg =1 m/2 li— k| =1,
0, otherwise,

where N is the neighbourhood of k. Hence

, 2 m s—2 m(s —1)
s 2 s s



Circular stepping stone

1-m, i=k,
me =< m/2, (i—kmods)=1ors—1,
0, otherwise.



Rectangular stepping stone (s = 515,)
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1- |./\/’(k17k2)‘m/4’ (i1, i2) = (ki, k2),
Mk, ko), (i1,i2) =

m/4, |ih — ki| + | — ko| = 1,
0, otherwise.

where Ny, 1) is the neighbourhood of (ki, k2). This yields
m =m(1—05(s; +s,1)).



Torus stepping stone

l_m/7 (ilai2) = (k1;k2)7
o m' /4, (h— ki mod s1) =1ors; —1,ix = ko,
Ml ko). (i1,2) = m' /4, (b —komod s) =1ors, —1,i; =k,
0, otherwise.



Backward migration matrix B

Let

bix = P(parent of Subpop i gene from Subpop k) ~ ak:ki.

i




Backward migration matrix B

Let
bix = P(parent of Subpop i gene from Subpop k) ~ @.
i
Since
° 1 ° aj
Zbik = *Zakmki =—=1,
aj aj
k=1 k=1
the backward matrix
B = (bik)7 k=1

is transition matrix of Markov chain with equilibrium distr

Y= (’717"'775)‘



Example of M and B

0.8 1.2
<o.1 o.4> 1 2
(1/3,2/3)
0.8 0.2
B = <0.6 0.4)
4
v = (3/4,1/4).

M

<=

a

It can be shown that



Allele frequencies, fixation index

Let
P = frequency of Allele 1 in Subpop i

and
S
P = Z a;P:; = frequency of Allele 1 in whole pop
i=1

in Generation t.



Allele frequencies, fixation index

Let
P = frequency of Allele 1 in Subpop i

and
S
Py = Z a;P;; = frequency of Allele 1 in whole pop
i=1
in Generation t. Then

>oiq ai(Pe — Pr)?
P.(1— P,)

FsT = fixation index =

quantfies spatial diversity of subpopulations.

More migration = Smaller Fs1
More genetic drift — Larger Fst



Allele frequency evolvement
Let

P;; = freq of Allele 1, Subpopulation i, Generation t

Ptl == 04 Pt2 - 04,
Pt+171 - 06 Pt+]_,2 - 02

We get the recursion

P(Parent of random gene of Subpop 7, Gen t + 1, is Allele 1)

Pep1i =
s
~ Zk:lbik'Dtk'



Allele frequency evolvement,vector form

Putting
Pe=(Pu,...,Pis)”,

we get the recursion
Pii11=BP:+ €441, (1)
with vector valued genetic drift term satisfying

E(€t+1‘Pt) =0 and Var(et_,_l\Pt) = Z(Pt)

» (1) is vector valued heteroscedastic AR process
> Nonstationarity since B has largest eigenvalue 1

» X(-) depends on reproduction scheme



Reproduction scheme 1: Fertilization

Gametes from Ng < Naj breeders
Pek| Pekc ~ Hyp(2Nay, 2Nek, Peic) / (2Nek ),
followed by fertilization

P;i| Pek ~ Bin(2Nagmyi, Pu)/(2Naxmy;)

and migration

S
Pt+1,i = Z bik'DZkk,'-
k=1

precedes migration

Generation t

©

gamete formation :
; v

fertilization

migration

Generation t+1



Reproduction scheme 2: Migration precedes fertilization

Gametes from Ng, < Naj breeders
Pek| Peic ~ Hyp(2Nay, 2Nek, Peic) / (2Nek)-

followed by migration

s
Pi=> " BiPu,
k=1
where
(Bi1,- .-, Bis) ~ Dir(a(bj, . .., bis)),
and fertilization

Pei1,i|Pyi ~ Bin(2Naj, Py)/(2Na;).

Generation t

| gamete formation
v v

migration

J

y fertiization ¢

Generation t+1



Cointegration idea
Decompose allele frequency vector as

P, = PY,...,1)T +P?
overall frequency + spatial frequency fluctuations

where

S
=a
PEYZE VIPti7: P:.
i=1



Cointegration idea
Decompose allele frequency vector as
P, = P/(1,...,1)T +P?
overall frequency + spatial frequency fluctuations

where .
-a
P;Y:Z’Yiptiﬁyz P:.
i=1
This gives recursion
Pl., = P!+¢elq, (genetic drift part)
Py, B°PY +€0,,, (spatial fluctuation recursion part),

where
S

Yy o 0 _ Y T
1 = E Vi€ti,  €ry1 = Et+1 — €t+1(17 1)
i=1



Cointegration idea
Decompose allele frequency vector as
P, = P/(1,...,1)T +P?
overall frequency + spatial frequency fluctuations

where .
-a
P! = Z’Y;Pﬁ =P,
i=1
This gives recursion

Pl., = P!+¢elq, (genetic drift part)
PY,, = BPPY4+e0 ., (spatial fluctuation recursion part),
where
s
0 T
‘SZ+1 :Z'Vif‘:ti» €i41 = €t41 —€Z+1(1,...71)

i=1
and by Perron-Frobenius’ Theorem and Jordan decomposition
1 ... 0 ...
0 d ... 0 o
B=V| . . V%iand B =V



Quasi equlibrium
Dividing P; by /P/(1 — P]) makes:
» Spatial fluctuation part quasi stationary.
» Genetic drift part still non-stationary.



Quasi equlibrium
Dividing P; by /P/(1 — P]) makes:
» Spatial fluctuation part quasi stationary.
» Genetic drift part still non-stationary.
The drift covariance matrix
_ Cov(PenalP]) _ E(E(P.)IPY)

FTRA-P) C RG-A)
and spatial fluctuation covariance matrix
_ Cov(PIPY)
PI1L- )



Quasi equlibrium
Dividing P; by /P/(1 — P]) makes:
» Spatial fluctuation part quasi stationary.
> Genetic drift part still non-stationary.
The drift covariance matrix
Cov(Per1|PY) _ E(E(PY)|P])
PIL-P]) ~ PIL-P))
and spatial fluctuation covariance matrix
Cov(P?|P})
PI(1—P))

p—

A=

can be used to find
1-(@a—y)Na-9)" y=a 1

Ny ~ =
T 2@B-NDAB-NTa’ +axal) 2axa’l

and
2 1a; (1 —1a)A(l — 1a)
800 (1~ Ta)A( auvaz}m
1—(a-7)A@a—)7

FST ~



Algorithm

Linear system of equations

vech(X) = f — Fvech(A),
vech(A) = Gvech(X),

in the s(s + 1) unknown parameters

vech(X) = {Xjy; i >k}
{ vech(N) = {Ay; i >k}

with F and G square matrices of order s(s +1)/2 and f a column
vector of length s(s + 1)/2.



Algorithm

Linear system of equations

vech(X) = f — Fvech(A),
vech(A) = Gvech(X),

in the s(s + 1) unknown parameters

vech(X) = {Xjy;i>k}

vech(A) = {Aj; i >k}
with F and G square matrices of order s(s + 1)/2 and f a column
vector of length s(s + 1)/2.

Input parameters are:
» Migration matrix M — B — G
» Reproduction scenario — X(:) — f,F



Fertilization before migration
Migration model Symbol
Island Solid
Torus Dotted and circles
Circular Dashed
Linear stepping stone  Sqaures
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Fixed parameters
N =450
s=9
m =0.4
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eq
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Migration before fertilization

s:9,N:450,ak = 1/9, Nek = Nak
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Demographic reservoir (source)

m.=...=ms_1. <1< m;.
and
ms. 3, k=s,i<s,
ms(l—(s—1)8), k=i=s,
e — my.7y, k <s,i=s,
K=Y m.6/2, k<s,i—k==1mods—1,
m.(1—~—9), k=i<s,

0, otherwise.



Demographic reservoir, fertilization precedes migration
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Extensions

» Multipel markers (Nei's Gst instead of FsT)
» Spatially invariant migration

» Decompose B by Fourier analysis (instead of Jordan)
» Much faster algorithm

» Spatial correlations
Nik
Corr(Pyj, Py) = ———
(P, Pri) Nii Nk

at quasi equilibrium.
» Varying (sub)population sizes
» Diploid populations

» Overlapping generations
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